Smart point landmark distribution for thin-plate splines
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ABSTRACT

Landmark placement is crucial in manual demarcation antregion of anatomical structures, registration of diffet
image modalities (i.e. MRI/CT), labeling training data fgr and face principal component models, training for néura
networks, and signal interpolation to name some applinatidlthough landmark placement at curvature and coordinat
extrema (e.g. corners of the mouth, lowest point on the Idipgiis fairly unambiguous, the placement of point land-
marks along a linear contour is subjective. Unfortunatietyuser's choice of landmark placement determines thetguali
of the resulting registration. In this paper, we presentlgordghm to remove these undesired degrees of freedom by re-
placing landmarks along the contour. Ambiguous landmarksreoved so as to minimize a thin plate spline energy while
constraining the landmarks to the originally speci ed aant The resulting landmark placement results in a smoa#ter
istration while still interpolating the contours and xeahidmarks. The results show that the ambiguity of manuahfeamid
placement along contours does affect the smoothness aftér@olated registration, and that signi cantly smootiméer-
polations can be achieved using our approach. This proeaday also bene t other applications employing landmarks
by eliminating unintended curvature (variation) from taedmark data.
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1. INTRODUCTION

Point landmarks are used in a wide variety of registratiahiaterpolation applications. Interpolation algorithnengrally
assume that the landmark positions are known exactly, retirapplications the localization of landmarks is alwartne

to some error. Errors in placing point features have beeresddd by regularized interpolation (Section 2), whiclvioies

a smoother function that approximates rather than stristirpolating the data. While this approach handles placement
problems for point features, many applications requirgolaeement of point landmarks along contour features.

Although landmark placement at curvature and coordindtema (e.g. corners of the mouth, lowest point on the lower
lip) is fairly unambiguous, the placement of point landnsaatlong a contour is quite arbitrary (Figure 1). Unfortuhgtiieis
arbitrary choice of landmark placement determines theityuafl the resulting registration. This issue has been eskiére
with algorithms that base registration on contour rathantpoint dat&. In such schemes the issue of point placement
along a contour is merely replaced by the issue of how to peterize the contours, however. Obvious parameterization
schemes such as arc length parameterization will not ressihooth or appropriate results in some cases. Also, contou
drawing requires more sophisticated user skills and agttiols than does point editing.

In this paper, these undesired degrees of freedom are nzidhfiy re-placing landmarks along a contour. The algo-
rithm produces the least-curvature spline consistent thighintended contours and xed points. We distinguish ‘afitk”
(contour-constrained) landmarks from unambiguous ( xlea}dmarks (Figure 1). The latter may include corners (cur-
vature extrema), extreme points (coordinate extrema),sgntmetry points that are unambiguous in visual inspection.
Contour-constrained landmarks are those that require jectie judgment regarding where along the contour they are
placed.

We adjust the placement of the contour-constrained lankkralong their respective contours so as to produce the
smoothest thin plate spline (TPS) that interpolates théozwa and xed landmarks. While this removes an undesired
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ambiguity in the case of TPS registration, there are otheli@ions requiring manually placed landmarks (such as
labeling training data for active appearance models) wtieneplate splines are not used. In some such applicatiees,
cande nethe desired landmark placement to be the one that produessathothest thin-plate registration, thus introducing
the TPS speci cally for the purpose of smart landmark plaeetnand thereby eliminating subjectively introducedaton
from the landmark data.

2. BACKGROUND

Thin plate splines (TPS) interpolate speci ed points whileimizing an approximate curvature (integrated squaeedisd

derivative), ~
@ ’ +2 @ ’ + @ ’
@R @x@y @y
resulting in a smooth deformation without unexpected gpgnd variations. Thin plate splines have been used in merph
metrics research to de ne changes of shape between subjfettis same specié'sand in neurosurgery and radiotherapy

research for the purpose of de ning a non-rigid registmnafimm patient speci ¢ radiographs to generic atlas repntse
tions?

dxdy 1)

When the number of points to be interpolated is small (asgiaily the case with manually placed landmarks) there
is a simple radial basis function (RBF) formulation.

The radial basis formulation of TPS is

N
(P)=  oip pki®logip  pkj+ a1+ (az;as)p 2
k

where (p) is the desired displacement at a pointpx are then landmarks (each with a corresponding destination
landmarkt ), anda; are coef cients of an af ne registration (the measure (lingariant to the offset and linear slope of
the optimized function so separate terms are added to hthiglje

The weightsce; & ;k = 1:::n;j = 1:::3 needed to interpolate the data can be found by solving thekbtaatrix
system
K P c _
PTO a~- 0 3)

whereK . = jipr  peji?log(pr  pe); r;c 2 1:::n, P is an by 3 matrix containing the constant (1) vector and the
landmark locationgy andyy, and are the data values to be interpolated. In a registratiodaBeling application there
are two such interpolations needed, one for each of x, y,HmutrtatrixK depends only on the data locations (not their
values) so the matrix inverse is needed only once.

In practice it is desirable to “regularize” the system (3)egRlarization can be motivated both in terms of matrix
conditioning and weight decay considerations, and by asspthat the landmarks have some error associated with them.
In practice it involves adding an amouht (= 0.001 for example) to the diagonal Kf before invertingt  This has the
effect of reducing large coef cients, thereby producing areplanar warp.

3. METHOD

Our objective is to minimize the squared (approximate) ature (integral of second derivative squared) of the spline
the same criterion that TPS minimizes. In a radial basis veasinglelocal RBF function adds a constant amount of
approximate curvature. Scaling this function scales thal turvature. So a squared coef cietft adds an amount of
curvature.

So if the basis function were local, we could minimize the TdPigrion by minimizing the sum square of the RBF
coef cientsc,. The TPS basis functionglog(r) in (2) are not local, but most of their curvature is conceetianear the
origin, so we can use the sum-square coef cients as an a'ppemino'g (in particulg, if the coef cientsy are all zero, the
resulting surface is planar). The coef cient energy candieh ay c)2oras ¢ = c'c; we choose the latter for
simplicity.
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In summary, we wish to minimize' ¢ by adjusting the slidable points, while constraining therthie contour de ned
by the originally speci ed points. The coef cient energyrcde minimized by moving landmarks in the range of the
“warp”, the domain, or both. We choose the former, and daaicenstrained gradient descent adjustment of the contour-
constrained landmarks.

3.1. Details

Say thatp is a particular landmark in the source imagiejs the corresponding destination landmarks a unit vector
throught; toward the adjacent landmark on one side, ansl an undetermined point on this line. The objective of
minimizing the coef cient energy while being constrainedhe linev can be expressed as

mtincTc+ ((t ti1) n) (4)

wheren is the unit perpendicular vector (normal)d@nd is a Lagrange multiplier enforcing the constraint. In thgussd
we wish to work with the entire contour rather than alterirgjirgle landmark at a time. The objective is similar,

mtincTc+ TN(t  tq) (5)

with t;t1; p now being vectors containing all landmark points, with thaxd y-componentsin some consistent order, such
as all the x's followed by all the y's (bold variables now démeectors that reference all the landmarks), Bnid an  2n
matrix where the?k; 2k + 1 elements of each row contains tkigy components of the normalfor the corresponding line
int 1.

Nextc needs to be expressed in terms of an altered landmark ladatio

- W o px - K 0 o P ay

0
ty py 0 K ¢ 0 P a

or more compactly,
t p=Kc + Pa

where the vector on the left contains the x displacementstéspolate followed by the y displacements (dimensloi
K is of size(2n)?, c is of size2n containing the x coef cients of the radial basis TPS follalgy the y coef cientsP
is of size2n by 6, anda is of size6 and contains the three af ne coef cients for the x-compoinefthe warp followed
by the three y coef cients (note th& andP now refer to the block diagonal matrices that contain thginal K; P).
Continuing,

t p Pa=Kc
c=(KTK) ’KT(t p Pa)
=M(t p Pa)wthM (KTK) KT=K 1?

This expression foc can be substituted into the objective (5)
min(t p Pa)'MTM(t p Pa)+ TN(t tq)

Taking the derivative we get
2MTMt 2MTMp  2M "MPa + NT (6)

as the gradient with respectto

3.2. Lambda

To nd , (6) can be solved far noting that the gradient is zero at the minimum, and this @substituted into
N(t t1)=0 (7)
The function of is simply to keep the new landmark®n the original line segments, however. This can also beegeti

simply by movingt down its gradient (excluding the constraint) and then mtijg it back on the contour.
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3.3. Algorithm

With the gradient now de ned, the landmark re-placemenbatgm iteratively moves the contour-constrained landdmar

a small distance down the gradient until the gradient apgreszero. In this procedure the landmarks are sliding along
the piecewise linear contour de ned by the original (unatkal) landmarks. At each iteration, it is necessary to chack
moving landmark to see if it has moved beyond the end of onkeec$égments of the original contour — if so, it should be
moved back to the adjacent original landmark.

4. RESULTS

The input landmark locations for a sample registration igptibn are shown in Figure 2. Figure 3 shows the landmarks
on the radiograph as moved by the coef cient-minimizingimiation. The x- and y- components of a registration can
be considered individually as height eld functions x=fJ,y=g(u,v). In Figure 4 we plot the x- and y- height elds
de ned by TPS using the original and adjusted landmarks. flihetions interpolating the adjusted landmarks are wsibl
smoother. Figure 5 shows a regular grid warped by the TP8rdéeft) and after (right) landmark adjustment. The grid
on the right is visibly smoother in several regions.

5. CONCLUSIONS

TPS interpolants are often selected speci cally becausg pnoduce the smoothest possible interpolation, but culte
show that the ambiguity of manually placing landmarks aloogtours can interfere with this goal. The algorithm dedsenli
in this paper adjusts such contour-constrained landmarkss <o remove subjectively introduced variation. Whiles thi
procedure will directly bene t TPS registration appliaats, it may also bene t other applications employing landksa
by eliminating unintended curvature (variation) from taedmark data.
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Figure 1. While some “features” such as curvature extrema, cooreliegirema, and midpoints can be objectively located ( lledles),
placing landmarks along contours is intrinsically ambigsigopen circles). We refer to the open circles as “slidabletontour-
constrained landmarks.
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Figure 2. Registration of a generic tooth prototype (white outlindyigure 3. Target landmarks are moved (circles) from their original
to a particular tooth (radiograph image). Squares and kokd in-  position (squares) to produce the smoothest possible vearp,
dicate corresponding unambiguous landmarks; circles astiedi Strained to the original contour. The combined x,y RBF coint
lines indicate contour-constrained landmarks. “energy” was reduced from 46.12 to 12.30 over 20 iterations.
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Figure 4. Height eld functions computed by TPS interpolation of theginal (left) and adjusted (right) landmarks. The funosaat
the top are the x-component of the morph; the bottom pairtee/tcomponent. The interpolation of the adjusted landsariisibly
smoother, yet the same points and contours are interpolated
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Figure 5. Computed thin plate warp applied to a regular grid. Leftdoval), right (after contour landmark movement). The wangtte
right is noticeably smoother in some areas.
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