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Stochastidechniqueshave assumeda prominentrole in computergraphics,becausef their successn modelinga
varietyof complex andnaturalphenomenar his paperdescribeshebasisfor techniquesuchasstochasticubdvision
in the theory of randomprocessesnd estimationtheory The popularstochasticsubdvision constructionis then
generalizedo provide controlof theautocorrelatiorandspectrabpropertieof the synthesizedandomfunctions.The
generalizecconstructionis suitablefor generatinga variety of perceptuallydistinct high-quality randomfunctions,
including thosewith non-fractalspectraand directional or oscillatory characteristics.It is arguedthat a spectral
modelingapproachprovides a more powerful and somevhat more intuitive perceptuakharacterizatiorof random
processethandoesthefractal model. Synthetictexturesandterrainsarepresente@sa meansof visually evaluating
the generalizegubdvisiontechnique.

Categories and Subject Descriptors: 1.3.3 [Computer Graphics]: Picture/lmageGeneration;1.3.7 [Computer
Graphics]: ThreeDimensionalGraphicsandRealism- color, shading shadowingandtexture.

GeneralTerms:Algorithms, Theory

Additional KeywordsandPhrasesFractalsmodelingof naturalphenomenastochastiénterpolation stochastianod-
els,texturesynthesis

INTRODUCTION

The applicationof stochasticmodelsin the computergraphic synthesisof complex phenomenaas beentermed
ampli cation [40]. Theimagemodelerspeci es characteristictructuralor statisticalfeaturesand other constraints
in the form of a pseudo-randorprocedureandits parameters.The procedurecanthenautomaticallygeneratehe
vastamountof detail necessaryo createa naturalisticor organic model,in a sense‘amplifying” the information
directly speci ed by the modeler In addition, a versatilestochastionodel that may be adjustedto approximately
emulatea rangeof differentphenomenaeduceghe needto develop procedureso modeleachof thesephenomena
individually. For thesereasonsstochastidechniquehave assumed leadingrole in the synthesiof complex images
(e.g.,[]10, 35, 36, 43, 31]).

The usefulnesof a particularstochastianodel dependon both its computationabhdvantagesand on the extent to

whichit canbe adjustedo describedifferentphenomenaThe stochastidractaltechniquesire someavhatlimited in

descriptve power in thatthey modelonly power spectraof theform f ¢ of a singleparameted andhencecannot
differentiatemorestructuredphenomendpr example thosewith directionalor oscillatorycharacteristicsThefractal

subdvision constructiondescribedby Fournier, Fussell,and Carpentef[10, 4], however, hasseveral propertiesthat
male it very attractive for the purposeof producingperspectie andanimatedenderingf stochastianodels:

The resolutionof the synthesizedandomfunction may be adjustedto the resolutionrequiredby its local per
spectve projection.

Internal consistency portionsof a particularrealizationof the desiredrandomfunction may be reproducecht
ary locationandresolution.

No spatialorderis requiredin computingvariousportionsof therandomfunction. In Itering terms,the subdvi-
sionprocedureas non-causal.
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ExternalconsistencyTherandomfunctioncanberequiredto passthroughcertainpoints,for example,to ensure
boundarycontinuity with adjacentobjects. In fact the subdvision can be “seeded”with dataobtainedfrom

anothersource suchasthedigital elevationmodels DEMs) availablefrom theNationalCartographié¢nformation
Center7].

In this paperwe generalizéhe stochasticsubdvision constructior10] to producerandomfunctionswith prescribed
correlationsandspectra. The generalizedsubdvision techniqueproduceshigh-quality randomfunctions(Figure 4)
while preservingmostof the computationahdvantageof the subdiisionapproachin addition,thistechniqueappears
to provide bothreasonablyntuitive andgeneralkcontrolover the appearancef therandomfunction.

STOCHASTIC PROCESSES

Thereis a considerablditeratureon the theoryandapplicationof stochastianodelsin all elds, althoughmuchof
it dealswith problems(suchasdiscriminationor particularparameteestimates}hat are not closelyrelatedto our
purposeof synthesizingrandomfunctions. This sectionwill briey review someof the relevant terminologyand
de nitions from randomprocessef45], with emphasin therestrictionsandscopeof a computationallyrealizable
stochasticsynthesisnodel.

A randomprocesss statisticallycharacterizedy its joint nth-orderdistribution functionsFy . For aone-dimensional
processhesestatisticsare

Fu(X1;X2; 5 Xt to; i ty) = P (X(t1) < X1 x(t2) < Xo;::0:x(th) < Xp) Q)

for all t; andn. Thetermrandom eld indicatesthatthe coordinatespace is multi-dimensional Randomelds and
processewill sometimedelabeledsimply as“noises”or “textures”in this paper

A stochastiprocesss calledstationaryor homaeneousf all thejoint probabilitydistribution functionsareinvariant
with respecto a translationof the time or spaceorigin. A random eld is isotropic if its statisticsarealsoinvariant
to rotationof the coordinatesystem.A randomprocesds ergodicif its statisticsareidenticalfor all realizationsof
the process A nonegodicprocesss oftenonein which randominitial conditionssigni cantly affect the subsequent
characteof the process.The ergodic propertyis importantin practice,sincethe statisticsof an ergodic processmay
be empiricallyestimatedrom the samplestatisticsof a singlerealizationof the process.

For the purposeof stochastianodeling, it is usuallysufcient to consideronly homogeneouandergodic processes.
Regionalandnon-egodicvariationsof theprocessnaythenbeeffectedby varyingthemodelparametersr by simple
postprocessintgechniquesratherthanby incorporatinghesevariationsin the original model.

Second-orderTheory

It is evidentthat (1) representanin nite amountof informationandconsequentigannotbe usedin ary realizable
analysisor synthesigprocedure.lt is desirableto nd a morelimited setof statisticsthat neverthelesgle ne or per
ceptuallydifferentiatea usefulrangeof phenomenaf commonsimpli cation is to restrictconsiderationio processes
thatcanbe adequatelyxharacterizedhy their second-ordestatistics(n = 2 in (1)), or by their momentswhich sene
as“expectations’of the correspondingtatistics: _

mum. () = EfxTr(t)xT2(t+ )g= X1 X3 2 ARk (X1 X2t t+ )

An importantclassof stochastigorocesse this respeciarethe Gaussiarprocessesyhosenth-orderstatisticsare
jointly Gaussiansincethefull statisticsof a Gaussiarprocessareuniquelydeterminedy its rst- andsecond-order
moments.

Fortunately thesesimpli cations arenot overly limiting. Therestrictionto second-ordestatisticshassomebasisin

perceptionthe“Juleszconjecture’[14] assertshatrandomtextureshaving identical rst- andsecond-ordestatistics
(differing in the higherorderstatistics)cannotbe visually discriminated.While counterexamplesto the conjecture
have beendemonstratedit is neverthelesgegardedas being essentiallyaccuratg33]. It seemdikely that similar

boundsmayapplyto theperceptuatliscriminationof statisticalcharacteristicef (for example)terrainsor uid motion,

but thesehave notbeenestablishedo the authors knowledge.

Also, mary naturalprocessesre known or assumedo be Gaussian. The popularity of this distribution may be
explainedin partby the “folk theorem”that a procesghatis a linear combinationof mary relatively uncorrelated




effectswill tendto be Gaussian.Thisis alooseversionof the centrallimit theoremsincea stationarylinear lIter is
expressibleasa weightedintegral or sumof theinputsignal(c.f thediscussionn [2], chapter13).

It shouldbe emphasizedhatnon-Gaussiamoisesmay be of interest,and(with certainexceptions)he second-order
momentsdo not perceptuallyor otherwisedeterminethe noisein the non-Gaussiarases.While stochastidexture
synthesisusingthefull second-ordestatisticsis becomingcomputationallytractablewith recentmethodq11, 12], it
is expensve sinceit naively involveson the orderof N L2 joint probabilitiesif L is the numberof gray levelsand
N is the Markov neighborhoodsize or “memory” of thetexture. To date,mostsynthetictextureswith controlled
second-or higherorderstatisticshave useda smallnumberof graylevels(typically eightor fewer) andjoint probabil-
ities de ned over fairly smallneighborhoodsThe texturesproducedundertheserestrictionsare oftenfairly abstract
or arti cial looking [32], and publishedcomparison®of texturesdiffering in the second-ordestatisticsbut having
pairwise-identicalrst- and second-ordemomentshave not clearly indicatedthe extent to which high-resolution
stochastianodelsmaybene t from non-Gaussiastatistics.

Spectral Modeling of Random Processes
Thus Gaussiarprocessesre commonlyadoptedas a computationallytractable,yet reasonablypowerful, classof
stochastianodel. The parameter®f this modelare the rst- andsecond-ordemomentsthatis, themean o1 =
10 = Efxg, variance g» = 0 = Efx?g, andtheautocorelationfunction
YAV

1n=R()=Efx(t)x(t+ )g= X1X20dFx (X1; X2; 5t + )

For a stationaryprocesshe autocorrelatiorfunctionhasthe following properties:

R()=R( )
R(0) jR( )i
R(0) = Efx%g

To eliminatesomeadditionalterminologyit will be assumedhatall processearenormalizedto have zeromeanand
unit variance(so R(0) = 1). The meanand varianceare easily readjustedo the desiredvaluesduring the noise
synthesigprocedure.

Intuitively, theautocorrelatiofiunctiondescribeshecorrelatiorbetweerarandomfunctionandacopy of itself shifted
by somedistance(“lag”). For example,a completelyuncorrelatedr “white” noisehasan autocorrelatiorfunction
(0) (Diracimpulsefunction),while a constansignalis equallycorrelatedwith itself atall lagsandsohasR( ) = 1.
Usually the autocorrelatiorfunction decreasesontinuouslyaway from the origin, correspondindgo a noisethatis
neithercompletelyuncorrelateshor deterministic.Theautocorrelatioriunctionof anoisewith anoscillatorycharacter
includesan oscillatorycomponenthatis dampedaway from the origin; the periodof this componentorrespond$o
theaverageperiodof the oscillationin the noisewhile theamountof dampingis relatedto the spectrabandwidthand

theirregularity of the oscillationin the noise.

Stochastianodelingusing Gaussiarstatisticsandthe second-ordemomentanay be termedspectal modelingsince
the noiseautocorrelatiodunctionandpower spectrunspecifyequialentinformation,andin factarea Fouriertrans-
form pair (WienerKhinchinerelation):
Z,
s(t)=  R(O)exp( j! )d )
1

Sincethe power spectrumis by de nition nonneyative,the WienerKhinchinerelationrequireshat(physicallymean-
ingful) autocorrelatiorfunctionsbe non-negyativede nite. This conditionwill beimportantin selectingfunctionsto
be usedasautocorrelationsAs an intuitive exampleof the existenceof constrainton the autocorrelatiorfunction,
we would expectby transitvity thatif a noiseis highly correlatedwith itself at a particularlag, it shouldalsoshov
correlationat multiplesof thatlag.

Experiencen spectralmodelingindicatesthat a wide andusefulvariety of phenomenanay be describedusingthis
approachsometechniquesindapplicationsaresuneyedin [2, 1, 27, 41]. Spectrainodelshave beenusedto generate
reasonablyoodsyntheticapproximation®f randomtexturessuchassand,cork, etc. (e.g.,[5]).




Theanalyticandcomputationatechniquegor spectraimodelingarealsowell establishedFundamentallyarandom
processess modeledasa white noisewith speci ed meanand varianceinput to a shaping Iter h; the problemis
usuallyto de ne or identify h subjectto givenempirical,analyticalor computationatestraints.The power spectrum
of theresultingprocesss simply S(! ) = jH (j! )j® whereH is the Fouriertransformof h.

For example,fractaltexturesandterrainshave beenproducedwith a spectraimodelingapproachusingthe spectrum
f 9[43]. Otherphysicallyrelevantspectrancludethe Markov spectrum( 2 + f 2) ! andtheLorentzianspectrum
1= 2+ (f fo)?)

The spectralmodeling approachencompassethesecases,as well as phenomenavhosespectraare not as easily
categorized.

GENERALIZED STOCHASTIC SUBDIVISION

The stochasticsubdviision constructiondescribedby Fournier, Fussell,and Carpentef{10] will be generalizedo
synthesizea noise with prescribedautocorrelatiorand spectrumfunctions. It will be assumedhat the readeris
generallyfamiliar with thatwork.

Thebasisof the Fournieret. al. constructions a midpointestimatiorproblem:giventwo sampleof thenoise,a new
samplemidway betweerthetwo is estimatedisthe meanof thetwo samplesplusarandomdeviationwhosevariance
is the singlenoiseparameterThe constructioris basecbn two propertiesof fractionalGaussiamoise:

1) Whenthevaluesof the noiseattwo pointsareknown, the expectedvalueof the noisemidway betweertwo known
noisepointsis the averageof thetwo values.

2) Theincrementsf fractional Gaussiamoiseare Gaussianwith variancethatdependson the lag andon the noise
parameterSinceonly theimmediatelyneighboringpointsareconsideredn makingthemidpointestimationthenoise
autocorrelatiorinformationis not used,andthe constructedoiseis Markovian. Thisis notalimitation aslong asthe
constructionis usedto modelMarkovian noisesfor example,alocally stationaryapproximatiorto Brownianmotion.
However, the constructiorhasbeenappliedto the non-Marlovian fractionalnoisesf 9; d 6 2[9]; in thesecases
disregardingthe requiredautocorrelatioproducescreases’{(Sectiond).

The generalproblemof estimatingthe value of a stochastiqrocesggiven knowledgeof the processat otherpoints
is one of the subjectsof estimationtheory andtechniquesuchas Wienerand Kalman ltering [44, 6]. Thereare
several avorsof the estimationproblem,dependingn the availableknowledgeof the noisestatisticswhetheroneis

predicting,interpolating,or removing the noise,the estimationerror metric, etc. The problemof stochastisynthesis
is speci cally similar to the applicationof digital Wiener predictionin the linearpredictive coding of speech(LPC)

[34, 18): in bothof theseapplicationghevaluesof arandomprocessareestimatedandthenperturbedandreusedas
“obsenations”in the subsequergstimation.

The discreteestimationproblemfor a stationaryone-dimensionatandomprocesscan be statedasfollows: Given
obsenationsor knowledgeof the valuesof a randomprocessattimest + ty, it is desiredto form an estimate®(t)

of the processat time t, suchthatthe expectedmean-squarerror Ef [x(t)  ®(t)]?g is minimizedfor all valuesof
theorigin t. This formulationappeargo involve knowledgeof the actualvaluesx(t) of the procesgin which case
estimationwould not be necessaryhowever, the estimatoris derivedindependenthof the actualnoisevaluesusing
only thenoiseautocorrelatioriunction.

A discretestationarylinearestimatothastheform

X!
R() = aex(t+ t)
K

The orthogonality principle of estimationtheory holdsthatthe mean-squarestimationerror (over somenumberof
estimationspf astationarylinearestimatomwill be minimumwhentheerroris orthogonain expectatiorto theknown
valuesontheprocesg45, 6, 28]. It is alsoknown thatwhenthe estimatedrocesds Gaussianthe linearestimatds
optimalin the senseof beingidenticalto the bestnonlinearestimategiventhe sameobsenations[45].

The geometricinterpretatiorof the estimationproblemin anabstracspaceof randomvectorsis helpful [6, 45]. In
this interpretation,a randomvariableis treatedas an abstractvector, with the inner productof two vectorsx and
y de ned asEfxy g. The estimationproblemis thenequivalentto the problemof representingn arbitraryvector
ascloselyaspossiblein the subspacef “obsenation vectors” (known noisevalues). The estimationerror vector
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Figurel: Coordinatesystemfor midpointestimationin onedimension.

x(t)  R(t) is minimumwhens(t) is projectedontothe subspacein this casethe errorvectoris orthogonalo all of
theobsenations.

Derivation
In our casethe midpoint®;., -, at eachstagein the constructionwill be estimatedasa weightedsumof the noise
valuesx; known from the previousstagesf the constructionjn somepracticalneighborhoof size2N (Figurel):

X
Ri+0:5 = A X+ k
k=1 N

(thenoisepointsknown from thelastconstructiorstagewill take onintegerindices,while themidpointestimatesvill
take on half-integerindicesin this paper).

The estimatedmidpointvalue®i.o -5 will be displacedby anuncorrelatechoiseu,.q -5 of known varianceto form a
new noisepoint:
X
Xt+0:5 = Ut+0:5 + Ak Xt+k 3
k=1 N

Thenew midpointsx;.q .5 will in turnform someof the datain subsequentonstructiorstages.

The orthogonalityprinciplethentakestheform

( " )
E Xt+rm Xt+0:5 Ak Xt+ k =0forl N m N
k=1 N
or
( " )
E  Xt+mXt+0:5 AXp+mX+k = 0
k=1 N
Sincethe expectationof X¢+ i Xt+j iISR(i  j),
X
R(m 05)= aR(m k) for 1 N m N (4)
k=1 N
(in matrix form)
32 3 2 3
R(0) R(1) R(2N 1) ar N R(0:55 N)
§ R(1) R(0) R(2N 2)§§a2N§ ER(l:S N)E
R(2N 1) R2N 2) R(0) an R(N 0:5)

which canbe solved for the coefcients ax giventhe noiseautocorrelatiorfunction R. From the symmetryof the
subdvision geometryandthe autocorrelatiorfunction, the coefcients aresymmetriciax = a; «.




Sincein stochasticsubdvision the “estimates”aredisplacedandthenreusedn therole of “obsenation” in the next
subdvision stagejt will behelpfulto verify thatthe synthesizedhoisedoesin factpreserethespeci ed autocorrela-
tion function. An expressiorfor the autocorrelatiorfunction R of the synthesizedhoiseis found by multiplying both
sidesof (3) by X, andtakingexpectedvalues,obtaining

R(m 0:5)= EfXqUi+0:590+ axR(m k) (5)
k=1 N

Form 6 0:5thetermEf X, Ut+o :50 is zerosincethe displacemenhoiseis not correlatedwith noisevaluesfrom
the previous stagesof construction. Equation(5) is true for ary valuesof the coefcients ax. If we setR = R,
however, then(5) is identicalto (4), sothe coefcients obtainedby minimizingthe estimationerror are thoserequired
to reproducethe r stN sampleof the speci edautocorelation

In generakhe coefcients will bedifferentat differentstagesn the subdvision. TheautocorrelatiofunctionR s of a
scaledsignalx(st) is scaledby the samefactors,

Rs( ) = EfXstXst+s 9= Ri(s )
sotheautocorrelatiorfunctionR atthekth level in the subdvision shouldbe scaledas

Re( ) =Ri(2" ¥) (6)

DisplacementNoiseVariance
Form = 0:5in (5), thetermEf X, Ut+0 :59 iS not zero,sincethe displacementoiseis correlatedwith the displaced
midpoint. In this casg5) canbeusedto obtainthevarianceof thedisplacementoise.SettingR = R andsubstituting

®3).

X
Efug= R(0) axR(0:5 k) 7
k=1 N

which givesthe desiredvariance Equation(7) is in factthe expressiorfor the expectedmean-squarestimationerror
Ef(x %)%g[45,34].

IMPLEMENT ATION

Figure2 showvs the generalizedsubdvision techniqueappliedto annonfractaloscillatorynoise. Theimplementation
of thegeneralizedgubdvisiontechniques similarto thefractalsubdvisiontechniquetheonly signi cant differences
beingtheincreasedeighborhooaize, boundaryconditions”,andthe needto solve (4) to obtainthe coefcients ay
for eachsubdvisionlevel.

Thematrix R(m k) is symmetricand Toeplitz (all elementsalongeachdiagonalareequal),permittingthe useof
ef cient algorithmsavailablefor theinversionof thesematrices.The ef ciency of solving(4) is probablynot a major
concernhowever, sincethe costof determiningandstoringthe coefcients for anumberof subdvisionlevelsis small
comparedo the othercostsof synthesizingand viewing a high-resolutionnoise; a standardGaussiarelimination
routinewasusedhere. A simpletestof thecorrectnessf the coefcient solutionprocedures thatthesolutionfor the
MarkovianautocorrelatiorfunctionR( ) = exp(j j) shouldreduceto fractalsubdvision,thatis, it shouldindicate
nonzerocoefcients only for theimmediateneighborsof the midpoint.

Neighborhood Size

The choiceof the neighborhoodsizeis of coursea trade-of betweenaccurag of spectralmodelingandef ciency.
The vector spaceinterpretationof the estimationproblemcon rms that the estimationerror (7) will be reducedor
remainthesameastheneighborhoodizeincreasessinceincreasingheneighborhoodaizeis equivalentto increasing
thedimensiornof the subspace.

An approacltto determiningthe neighborhoodsize suggestedh the estimationliteratureis to increasethe size until
the expectederrorvariance(7) is reducedbelow a speci edthreshold.The Levinsonrecursion15, 22] is well suited
to this approach.This algorithm solves estimationequationssuchas (4) recursvely for eachneighborhoodize N
giventhe solutionfor the previoussizeN 1. The mean-squarestimationerroris alsoreturned,so the recursion
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Figure2: Subdvisionto anon-fractaloscillatorynoisewith autocorrelatiorR,( ) = cog10 )exp( 2).

canbe terminatedwhenthis erroris sufciently small. The Levinsonalgorithmwould needto be modi ed for our
purposessinceonly evenneighborhooaizesareusedin stochasticsubdvision.

Stochasticsubdvision follows the generalstochasticsynthesisschemeamentionedn Section2, of shapinganuncor
relatednoiseto producethe desiredspectrum.However, the estimatorin stochastisubdvisionis anunusual’ lter”
becausef its multiple-resolutioncapabilityandbecausét is non-causalThe Z-transformof (3) (usinganindexing
schemavherethe noisevaluesfrom the previous subdvision stagehave oddindices,andthe midpointindex is zero)
is

1

1 E:Ol a(z2+1 + z 2 1)

H(z) = 8)

)

whichis anoncausalall pole” Iter [28]. Thepoles(zerosin thedenominatopolynomialof (8)) correspondo peaks
in the spectrum.An oscillatorycomponentin the noisecorresponds$o a spectrumpeaksomeavhereotherthanat the

zerofrequeny andindicatesa conjugatepole pairandaneven-orderdenominatopolynomialandneighborhoodize.

Sincetheestimationlter is non-causahndsymmetric.eachspectrunmpeakwill actuallycorrespondo two conjugate
pole pairslocatedat inversepositionsinside and outsidethe “Z-plane” unit circle. This suggestghata minimum

neighborhoodaizeof four is neededo produceanoscillatorynoiseby stochasticsubdvision.

The cumulative spectrade nition producedy thesubdvision approachs greatethanonewould expectonthebasis
of theneighborhoodizealone however, sinceeachstagan thesubdiisionmodelsalimited partof thespectrumThis

canbe seenin Table 1, shaving the coefcients for ten subdvision levels of an oscillatory Markovian (Lorentzian)
noise. The coefcients for the rst two (most global) levels are near zero, indicating that the noiseis relatively

uncorrelatedat thesescales.The coefcients for levels ve andsix have alternatingsigns,re ecting the oscillatory
charactepof thenoise while thecoefcients for thelasttwo levelssuggesthatthenoiseassumeaMarkoviancharacter
atsmallscalegasexpected).lt is concludedhatlarge neighborhoodaizesareprobablynot neededxceptwherethe

scaleof signi cant spectrafeatureds smallerthananoctave. Most of the gures in this papemwereproducedwith a

neighborhoodaizeof four (or 4x4in two dimensions).

It shouldbe notedthattheaccurag of themidpointestimationcanbeimprovedby consideringany known pointsfrom




Tablel: Right-halfneighborhoodN = 2) coefcients a;, a, andcomputedvariancefor 10 subdvision levelsof the
one-dimensionabscillatorynoisede ned by R( ) = 100coq10 )exp(j j).

Level aa=-a a=a;, Variance
0 0.000510 0.000000 99.999947
1 0.023041 -0.000001 99.893768
2 0.149159 -0.000068 95.447868
3 -0.339373 0.000223 73.455498
4 -0.019945 0.014377 99.885315
5 -0.495669 0.158384 33.747765
6
7
8
9

0.343860 -0.337269 32.062786
0.566771 -0.112145 7.430885
0.543814 -0.036580 3.152761
0.514256 -0.010190 1.494914

the currentconstructiorievel (i.e. the midpointsof neighboringspansjaswell asby increasinghe neighborhoodize
overthepointsknown from previousconstructiorlevels. Thesepointswerenot consideredn our derivation,however,

becausehe orderfor computingthe pointsat a particularsubdvision level maynot be known in advance.To impose
anorderon the computatiorwould remove the non-causahdvantageof the subdviision approachwhile adjustingthe
estimationto utilize ary encountered¢on guration of pointswould requiredifferentestimationcoefcients for each
suchcon guration andthuswould complicateour explanationandimplementatiorsomavhat (althoughEgs.(3), (4)

areeasilyadaptedor this purpose)lt will be seenthathigh-qualitynoisesresultwhenonly pointsfrom the previous
constructiorstagesreconsideredn the estimationprocedure.

Boundary Conditions

Whenthe neighborhoodsize is greaterthan 2, the stochasticsubdvision of a particularclosedregion will require
referenceo pointsoutsidetheboundaryof thatregion; this problemis analogouso thestartingandboundarycondition
problemsin sometypesof recursie Iters anddifferentialequationtechniques.

The simplestapproacho this problemis to assumeperiodic boundaryconditions,so that a referenceto a point s|t]
outsidetheregion[0..size-1]is mappedo the point s[p] using

p := t mod size; if (t <0) then t = t + size;

The noisesproducedwith this approachare periodic,whichis a usefulpropertyin someapplicationssuchastexture
mapping.

A secondapproachis similar to the viewpoint-driven implementationof stochasticsubdvision [4, 10]. With this

approactaregion of noisecanbe subsequentlgxtendedby synthesizinghe adjoiningregions,whichis not possible
if periodicboundaryconditionsareused. The subdvision is seededat the mostglobal scalewith givendata,either
obtainedfrom a databaser inventedusinguncorrelatedandomnumbers. The displacemenhoiseusesa spatially
consistenrandomnumbergeneratoras describedn [4]. Thenboundarypoints can be constructecas neededoy

subdvision from the neighboringseedpoints. If the requiredspatialextent of the synthesiss known at the outset,
thenat eachsubdvision level the requiredboundarypointscanbe constructedsothesepointswill be availableatthe

next level.

Singular Processes

Onenumericaldif culty thathasbeenencounteredh practiceis thatfor certainautocorrelatiorfunctionsthe deter
minantof theautocorrelatiommatrix R is zeroat smallscalesand(4) cannotbeinverted.In particulat this occursfor
functionssuchasthe GaussiarR( ) = exp(  2) or modulatedGaussiarR( ) = co! )exp( ?2). TheGaussian
autocorrelatiorfiunctionsareeffectively positve semide nite, sincethey correspondo spectrahatare(for numerical
purposes}eroatmorethanisolatedpoints.

Randomprocessesiaving positive semi-de nite autocorrelatiorfunctionsaretermedsingular, asopposedo regu-
lar processeswhich have strictly positive de nite autocorrelations A paradoxicakresultis thata singularrandom




processesnay be predictedwithout error simply by Taylor seriesextrapolation,given knowledgeof its pastor all
of its derivativesat a point [45]. Singularprocessesresufciently smoothat somescalesghatsomeof the dataare
effectively colinear A usefulspectrakestfor the existenceof the derivative of arandomprocesss [45]
z 1
R0) = 125(1)d! < 1
1

R
This criterionis obtainedrom therequirementhatthevarianceR(0) = i S(! )d! be nite andthedifferentiation

rule for Fouriertransformgappliedto a power spectrunin thiscase).Similarly, thenth derivative of arandomprocess
existsonly if R possessegderivative of order2n attheorigin. Sincethe Gaussiarautocorrelatiofunctionpossesses
all derivatives,a randomprocesshaving this autocorrelatioris analytic, suggestinghat deterministicinterpolation
may be usedat scalesvherethe determinanbf R is zero.

Oneapproacho estimatinga singularprocesss to reducethe neighborhoodaizeuntil therankof theautocorrelation
matrix matchests dimensiorandthe matrixbecomegositive de nite. It alsoshouldbepossibleto form ameaningful
thoughnot unigueestimatefrom the obsenationswithout changingthe neighborhoodize. Deutsch6] recommends
usinga pseudo-inerseratherthanthe inverseof the autocorrelationmatrix to obtainthe estimationcoefcients. The
authorexperimentedwvith aniterative implementatiorof the Moore-Penrosgeneralizednverse[6]. Thegeneralized
inverseof a nonsingulamatrix is (numerically)identicalto the standardmatrix inverse. At scaleswherethe deter
minantis numericallyzero,the generalizednversesetsthe coefcients to 1=2N, e.g. (%; %; %; %) forN = 2. The
softwareshoulddetecthis andresetthe coefcients to theequivalent(0; %; %; 0) in orderto computethedisplacement
noisevariancecorrectly

Recallingthatoneof the primary motivationsfor stochastienodelsin computemgraphicss to “inventdetail”, thetwo
approachesavoredhereare simply to modelthe processover a rangeof scalessuchthatit becomesmoothbelow
or just above the pixel scale,or (better),to pick an autocorrelatiorfunction that generatesletail at all scales.The
small-scalebehaior of the noiseis governedby the behaior of the autocorrelatiorfunction nearthe origin (aswe
sav in the precedingemarksonthe derivativesof randomprocesse)r equivalentlyby the high-frequenyg portionof
the spectrum.The considerationmentionedn this sectionshouldbe keptin mind however, sinceary procesavhose
spectrunfalls off fasterthanf * will benumericallysingularat smallscales.

Creases

HaruyamaandBarsky [13] have controlledthedisplacemenhoisevariancesn a stochastisubdvision procedureo
obtainapproximatespectralcontrol of the noise. In somecaseshowever, changingthe noisevariancesanproduce
artifacts. The “creases”sometimesncounteredn stochasticsubdvision can be relatedto the displacemenhoise
variancesandto the absencef autocorrelatiorinformationin Markovian subdvision. Eachmidpointdisplacement
dividesa segmentof the noiseinto two segmentswith differentslopes. If the displacementariancesare correctly
choserfor aMarkoviannoise thesmallscalesubdvisiondisplaceshenoisefrom theslopetrendsestablishedtlarger
scalessothatcurvatureof thefully interpolatechoiseis homogeneoudf thedisplacementoisevariancedall off too
quickly at small scaleshowever, the noisewill tendto lie alongthe segmentsestablishecaarlierin the subdvision,
andalarge displacemenat an early subdvision stagewill producea percevedaverageslopediscontinuityor crease
in thenoise.

Whenthe noiseis not Markovian and the noiseautocorrelatiorinformationis consideredn making the midpoint
estimatethe midpointestimatewill in generalie onasmoothcurve passinghroughthe nearbypointsfrom previous
subdvision levels. Thusthe subdvision avoids a “slope trend” andcreaseslo not form aslong asthe variancesare
chosenwith (7). The extentto which the variancescanbe alteredfrom (7) is not completelyunderstoodhowever.
It wasfound experimentallythat the variancescould be alteredto a considerablextent without producingartifacts.
HaruyamaandBarsky andMiller [25] alsodid notreportary dif culties with creasesisingnon-Markoviansubdvision
schemes.We hypothesiz¢hatcreaseslo notform to theextentthatthemidpointestimatomactsasaninterpolator For
example the Markovian midpointestimatoris a linearinterpolantandso canproduceuncharacteristidiscontinuities
in slopewhenthe variancesareincorrectlychosenwhile an estimatorover a four-point neighborhoodnay resultin
uncharacteristidiscontinuitiedn the secondderivative whenthe variancesarenot choserwith (7).

Aliasing
Thealiasingpropertieof stochasticubdvisionarepeculiarandrelevantto theapplicationof generalizegubdvision.
Oneof the main computationahdvantageof the subdvision approachs thatdifferentresolutiongat binary orders




Figure3: Planarquadrilaterakubdiision meshusinga4x4 neighborhoodThepoints“o” and“x” areestimatedising

wn

the surrounding'obsenation” points*.”.

of magnitude)reavailableby varyingthe depthof the subdvision recursionandsotheresolutionof the modelcan
belocally minimizedwhile maintainingarelatively constanimageresolution.

Theidenti cation of stagesn thesubdvision constructiorwith differentresolutionss strictly incorrecthowever. This
canbeseenfrom onepointof view by consideringhe problemof obtaininga half-resolutionversionof a givennoise,
for example,duringananimation“zoom-out” sequenceA half-resolutiomoisethatpreseresthe spectralcontentof
the original noiseup to the new, lower Nyquistrateis obtainedby low-pass Itering to half of the original Nyquist
rate andthendroppingevery other sample(“decimating”) [38]. From this viewpoint thenthe half-resolutionnoise
producedn stochasticsubdvision by reducingthe constructiorievel onestepis obtainedby decimatingwithout any
Itering. The low-pass Itered noisewill not coincidewith every other sampleof the original noise unlessit had
no detail at frequenciesbore half of the original Nyquistrate. Thus,ary spectralenegy above half of the original
Nyquistrateis aliasedn thetransitionto the half-resolutiomoise.

Signi cantly, an aliasednoisedoesnot form coherentartifactssuchas Moire patternsrather the noiseat the lower
resolutionappearsas a someavhat differentnoisethanthe original, so that the subjectappeardo “bubble” slightly
duringazoom.Thealiasingis limited for noisesvith monotonicallydecreasingpectrasuchasfractalnoisessincethe
majority of the spectralenegy remainsunaliasedn ary resolutionchange.More seriousanomaliesanbe expected
if the subdvisionrecursiorlevel is usedto vary the resolutionof a noisewhosespectrunslopeis at orincreasingat
somescalessuchasmay be producedwith the generalizegsubdvision technique.For example,the perceved noise
in Figure2 would changesigni cantly betweernconstructionevelsthreeandfour if thesewereusedaskeyframesin
azoom.

A solutionto this aliasingproblemis requiredif the variable-resolutioradvantageof subdvision is to be achieved
in generalizedsubdvision usingcertainspectra.Onesolution(suggestedh [10]) is to keeptheresolutionof the last
subdvision stagedelow the pixel scale sothattheseeffectsarelargely maskedby the displayresolution.

SUBDIVISION IN SEVERAL DIMENSIONS

Themainconsiderationfor developingmulti-dimensionafjeneralizedtochasticubdvisioninvolvethespeci cation
of thesubdvisiontopologyandautocorrelatioriunctionin severaldimensionsTheseconsiderationwill beillustrated
for thetwo-dimensionatase.

In multi-dimensionakubdvision theremay be several classe®of pointsto be estimatedcateyorizedby their spatial
relationshipto the pointscomputedat previous subdvision levels (this dependn the selectednterpolationmesh).
For example,for the planarquadrilateralsubdiision meshshavn in Figure 3, the midfacevertex “x” will require
differentcoefcients thanthemid-edgevertices'o” (thecoefcients for eachof themid-edgeverticesmaybeidentical
asidefrom re ection or transpositiondependinguponthe speci ed autocorrelatiorfunction). Using our coordinate
systemwith pointsfrom the previous subdvision levels taking on integer indices,the midfaceand midedgevertex
valueswill becomputedusing

X X
Xyo;xo = uyo;xo + ar;ch+ rX+c (9)
r=1 Nc=1 N

with y?andxtakingonthevalueg(y+ 1; x+ 1) for themid-facevertex, and(y; x), (y+ 3:X), (y; X+ 3), (y+ 3: x+ 1),
(y + 1;x + 3) for themidedgevertices.




Table2: Midfacevertex coefcierBs overad 4 neighborhoodor onesubdvision level of the isotropicMarkovian
autocorrelatiorR(x;y) = exp( ~ x2 + y2). Thesumof the coefcients approachesneat smallscalesandis near
zeroatverylargescales.

-0.006170 -0.003781 -0.003781 -0.006170
-0.003781 0.254035 0.254035 -0.003781
-0.003781 0.254035 0.254035 -0.003781
-0.006170 -0.003781 -0.003781 -0.006170

Figure4: Severaltexturesproducedusingthe generalizedsubdvision technique.Clockwisefrom top-left: Marko-
vian, oscillatoryMarkovian (shadedasanobliquelyilluminatedheight eld), Gaussianand(isotropically)oscillatory
“Markaussian'textures.

Thecoefcient matrix a,.c for eachestimated/ertex canbe obtainedby solving

X X
RG y%i xY= acR(G ri ofor 1 N i N (10)
r=1 Nc=1 N

using the appropriatevaluesof x% y° Eq. (10) canbe considerechsa systemAx = b by rewriting R(y;x) and
arc asvectorsby a consistenbrderingof the subscripts. The dimensionof the matrix R is now the squareof the
neighborhood;izE,ZN . Themidfacecoefcients for onesubdvision level of theisotropicMarkovian autocorrelation
R(x;y) = exp(  x2+ y2) anda4x4 neighborhoodreshavn in Table2.

Equationq9) and(10) canberewritten moregenerallyas

X
Xp = Up + aXp, (12)
k

and
X\l .
R(p pj)= aR(P px); 1 j N (12)
k

wherep andpy arethe locationsof the point to be estimatedand of the obsenation points. It is evidentthat the
subdvision topologyentersonly throughthe agumentso the autocorrelatiorfunction, so theseequationsapply for
anarbitrarymultidimensionakynthesigopology




Figure5: Stochastidnterpolationof the low-resolution(32x32 pixels) imageat upperleft, illustrating the external
consisteng propertyof stochasticsubdvision.

Onepracticaldif culty in applyingthe quadrilaterabubdvision meshwasencountered.With alarge enoughneigh-
borhoodthecoefcients of theouterobsenationpointsdecayto insigni cant valuesin anisotropic(or other)pattern.
With a small neighborhoodhowever, the coefcients are truncatedat the boundarieof the quadrilateralsupport.
This introducesa non-isotropichiasinto the construction:more correlationis introducedalongthe diagonalto the
underlyingmeshsincethe obsenation pointsaremostseparateat diagonallyoppositecornerson the quadrilateral.

This effectis oftenunnoticed Figure4), thoughit shavs upwhenalong correlationnoiseis synthesizedisingasmall

neighborhoodpr whensucha noiseis processeih someway. Thediagonalbiascanbe eliminatedby incrementing
the neighborhoodsize until the outer coefcients are insigni cant. If this is unappealingor ef ciency reasonsa

morerotationallysymmetrictopology suchasan equilateratriangularmeshcanbe used. The authorhasemployed

a “randomquadrilateral”’subdvision schemejn which severalrandomneighborhoodsre preselectedisinga non-

biasedandomwalk from thenearesheighborsof the pointto be estimatedandoneof theseneighborhoods chosen
atrandomfor eachestimation.

Multi-dimensional Autocorrelation and Spectrum

In generalizingaone-dimensionautocorrelatiorr spectrunfunctionto severaldimensionssomecaremustbetaken
to insurethat the autocorrelatiorfunction is nonngative de nite and correspondso a nonngative spectrum. The
multi-dimensionahutocorrelatiomndpower spectrummustalsobesymmetricin severaldimensionge.g.,R(y; x) =

R( y; X)).

The mostdirectgeneralizatiorof a one-dimensiondunctioninto severaldimensiongs to a sepaable function, that
is, (in two dimensions¥ (x;y) = fx(x)fy(y). Texturesproducedwith separabléunctionshave preferreddirections
alongthe coordinateaxesof the underlyingsamplinggrid andmaybeinappropriatevherea naturalistictextureis de-
sired.A noisegeneratedrom a separabl@utocorrelatiorns notitself separablehowever, sothedeterministicappear
anceof truly separabletexturesis avoided. Theseparabl®larkovianautocorrelatiolR (y; x) = exp(j vj) exp(] Xj)
correspondso a simpleform of fractal quadrilaterabubdvision wherethe midfacevertex is estimatecbnly from the
four verticesde ning the face(all othercoefcients arezeroregardlessof the neighborhoodsize),andthe midedge
verticesare estimatedrom the two verticesde ning eachedge. The coefcients for anisotropic Markovian noise
areonly slightly differentfrom this schemgTable2); texturesproducedvith the separablélarkovian autocorrelation
shaw slight but noticeabledirectionaltendencies.

. . L . P——— .
Theautocorrelatiorandspectrunof anisotropicnoiseareradially sweptpro les: R(x;y) = Rp(* x2 + y?). Unlike
theseparableasetheone-dimensiondlinctionsde ning n-dimensionaisotropicautocorrelationandspectrado not




Figure6: Galleryof simulatedandscapesreatedisinggeneralizedgtochasticsubdvision. (6a)

form a Fouriertransformpair, but rathercanbe expressecsa Hankel (or FourierBesselXransformpair[2]

Z
2 ! ;
Sp(!) = T Rp(r)Jn=2 1(2 ! r)r"™2dr (13)

where! = jl + lyj,r = jre+ ryj. Infact,avalid one-dimensionahutocorelationfunctionneednot be a valid
pro le for a multi-dimensionalsotropic autocorelationfunction

In additionto the generalrequirementof a nonngjative de nite autocorrelationseveral speci ¢ constraintshave
beenreportedfor multi-dimensionalisotropic autocorrelationsand spectra: The spectrumof a three-dimensional
isotropic noisemustbe monotonicallydecreasingso three-dimensionakotropic noisescannotbe oscillatory),and
a minimum boundon the normalizedautocorrelatiorfunctionfor an n-dimensionalsotropicnoiseis 1=n[41]. A
rathercomplicatedexpressionfor the n-dimensionalsotropic correlationproducedby a sweptone-dimensionaC;
pro le is givenin [23]; for two dimensionst reducego
21
Cao(r)= = Cy(vh)(@ v?) %®dv (14)
0

. P —o0—— P——— L - . .
A functionR(x;y) = coq! x2+ y2)exp(  x2+ y2), whichviolatesthe minimumboundconstraintwastried
in the subdvision procedure.The solutionyielded negative determinantsat somesubdvision levels, con rming that
this functionis not positive de nite. The computedmidpointdisplacementhoisevariancesverealsonegative atthese
levels.

Probablythe mostinterestingnoisesarethosethatareneitherseparableor isotropic,but thathave anintrinsic direc-
tional structure.Non-isotropicautocorrelationsanbeproducedfor example by stretchingor modulatinganisotropic
autocorrelation.Unlessthe constraintson the autocorrelatiorfunction arewell understoochowever, it may be eas-
ier to manipulatethe power spectrunto a non-isotropicform (insuringthatit remainsnon-negjative) and obtainthe
autocorrelatiorusingthe WienerKhinchinerelation(2).




Figure6: Galleryof simulatedandscapesreatedisinggeneralizedtochasticsubdvision. (6b)

Theautocorrelatiofunctioncanalsobe numericallyestimatedrom a digitizedtexture p[r; c] using

R(y;x) = plr;clplr + y;c+ x] (15)

1
N2
N r=0 c=0
(moreef cient andaccuratewutocorrelatiorestimationproceduresanbefoundin theliterature).In this caset will be
necessaryo interpolateor re-estimatedhe sampledautocorrelationn applying(6). The subjectof multi-dimensional

autocorrelatiorandspectrunfunctionsis discussedurtherin [41, 27].

DISCUSSION

Thegeneralizedubdvision techniqueaxtendsthe subdvision approacho produceartifact-freenoiseswith a variety
of spectra.Figure4 showv severaltexturesproducedusingthe generalizedsubdvision technique.Figure5 illustrates
theexternalconsisteng propertyof stochasticsubdvisiontechniquesin this gure aheight eld is synthesizedising
the luminancefrom a well known image(averageddown to 322 pixels) asseeddata. In Figures6a-dthe gray levels
in several synthesizedexturesare interpretedas heightsto producesereral distinct typesof syntheticterrain. The
heightvaluesin some gures weremodi ed by a power law, for examplein Figure 6athe heightsy weremodi ed

byy  y?5. This hasthe effect of makingthe noisenonstationanby selectiely exaggeratinghe mostprominent
featuresof the noise. Powver modi cation alsoaltersthe distribution andlocal spectrumof the noiseand so should
be usedwith carewhena particulardistribution and spectrumare requiredfor theoreticalreasons.The useof this
techniquadts effectson the spectrumarebrie y describedn [16].

The disadwantageof the generalizedsubdvision techniqueincludethe increaseccomputationatostof considering
larger neighborhoods$n the estimationprocedure andthe needto determineor inventthe autocorrelatioror power

spectrumfunction of the desirednoise. The latter is perhapsthe mostimportantissuein applyingthis technique.
The obvious approacheso this issueareto empirically determinethe autocorrelatioror spectrumof the prototype
phenomenoror to selectthesefunctionson theoreticalgrounds(in computergraphicswe addthe third possibility of

“trying thingsuntil it looksright”).




Figure6: Galleryof simulatedandscapesreatedisinggeneralizedtochasticsubdvision. (6¢)

Fractals and Spectral Modeling
Although it hasbeensuggestedhat the fractal spectrumf ¢ is to be preferredfor theoreticalreasonover other

spectrafor modelingmary naturalphenomenatheoreticaland empirical algumentsfor consideringother typesof
spectrawill bementioned.

Severalresearcherbave concludedthatthef 9 spectrum(or equivalently the “fractal dimension”)is not adequate
to describenaturalphenomenaf interestover all scaleqg24, 29]. Empirical studiesof the possiblefractal natureof
variousphenomen&ave alsofoundthatthefractaldimensionis oftendifferentat differentscalesalthoughrangesof
scalegdescribedy a constandimensionwerefound[21, 3]. In factthereis arelationbetweerthe fractal dimension
D andtheexponentd in thefractalpower spectrunf 9 [43]

@ d
2

for afunctionof EuclideandimensionE . Thus,ananalysiswherethefractaldimensionis allowedto vary with scale
is equivalentto a form of spectralanalysis.The “pieceavise fractal' approachs restrictedhowever, in thatnonsensi-
cal nggative fractal dimensionsor fractal dimensiongyreaterthanthe dimensionof the embeddingspacecanresult
from spectralexponentsthat are physically quite reasonable A piecavise fractal spectrummustbe monotonically
decreasing@ndhencecannotdescribeoscillatoryphenomenauchaswaves. Ironically, the fractaldimensionis often

estimatedrom the power spectrunor autocorrelatiodunction[3].

D=E+

(16)

Theseargumentsdo not dery thatthe assumptiorof a powerlaw spectrums a corvenientanalyticalsimpli cation.
If “fractal analysis”is to be morethana procedureof tting straightline segmentsthrougha spectrumcurve plotted
on log-log axes, however, it shouldbe establishedthat the attributed power law is accurateover an unexpectedly
broadfrequeng interval, or that therearetheoreticalreasondor expectingthis spectrum. The often-citedfractal
interpretationof Richardsors coastlinedatahasbeenquestionedn thesegroundsbecauséhe datadescribea fairly
limited rangeof scaleqlessthantwo ordersof magnitudan all but onecase)andbecauséhereis noreasorto expect
the processefmvolvedin very large scale(continentformation)andsmall scalecoastlineformation(e.g. erosion)to




Figure6: Galleryof simulatedandscapesreatedisinggeneralizesgstochasticsubdvision. (6d)

Figure7: Fractalsurfacewithout power modi cation.




have similar statisticd37, 39]. It alsoappearghatthenominall=f noisesn electricalcircuitsmayonly approximate
fractalbehavior [26]).

Theoreticaimodelspredictingthe fractal spectrumhave not beenforthcomingin mostcaseganexceptionis thewell
established&olmogoros  5=3 law in the statisticaltheoryof turbulence[27]). In fact,thef 9 spectrunis a priori an
unlikely choicefor atheoreticalmodel,sincethe integral of this function diverges,and consequentiya phenomenon
that strictly obeys this spectrumis nondifferentiableand hasin nite characteristicglength, averagepower). The
viability of this aspecbf thefractalmodelwasalsoquestionedn the geophysicaliterature[19, 39).

Althoughsomefractal practitionersstatethatthefractalmodelis only intendedo applyoveralimited rangeof scales,
the global propertiesof self-similarity andnon-differentiabilityarethe distinguishingfeaturesof the fractalmodel. If
thesefeaturesarenot required,one could adoptotherspectrathatfall off accordingto a power law over the desired
rangeof scales.For example,the Markov-like spectral + f) ¢ arecommonlyusedasa“ rst-order t” for mary
phenomenathesespectraaresimilar to the fractal spectrumat high frequenciesyet do not diverge at low frequencies
(theMarkovianspectrum(d = 2) hasa physicalbasise.g.,in Langevin's equatiorfor Brownianmotion [45]).

One advantageof the fractal model over mary othersis thatit generatesletail at all scales. The generalspectral
modelingapproactadwcatedherecanalsogeneratealetailatall scaleswithoutsacri cing differentiabilityandscale-
dependenteatures Thenondifferentiabilityof thefractalmodelsresultsin terrainsthatin theauthors opinionappear
tooroughatsmallscaleqe.g.,Figure7 and[42]). Mostof theterrain gures accompaging this articlewereproduced
usingtwo-dimensionalariationsof a “Markaussian”autocorrelatiorR( ) = exp(j j )withl< < 2, which
producesioisedalling betweertheextremesof the Gaussiarftoo smooth)andMarkovian (usuallytoo rough)textures
shavnin Figure4.

The desirability of scale-dependerfieaturesfor visual modelingis alsoobvious: mostvisual phenomengrovide at
leastanapproximatesensenf scale(atmospheriphenomenareperhapghe exceptionagain).As anillustration,one
would be surprisedto nd aterrainsuchasFigure 6a at one's feet, andthe scale-dependerttepressionin Figure
6¢ certainlydo not detractfrom the realismof thatterrain. The lack of scale-dependerfieaturescanbe a practical
problemin visualterrainsimulation,sincewithout suchdetailthe obserer cannotudgethedistanceo the“ground”.

We concludethat, althougha singledescriptorsuchasthe fractal dimensionor spectrumexponentmay be adequate
for someclassi cationpurposesthevalidity of thefractalmodelis notwell establishedor mary naturalphenomena,
andit is evidentthat the visual characteristic®f mary phenomenaannotbe adequatelydifferentiatedusing only
this model. For example,it wasfoundin [3] thatanairportrunway hada fractaldimensionidenticalto thatof some
topographicatlata theinterpretatiorbeingthatthis wasdueto the attenuatedow-frequeng variationof the runway.

Spectraimodelingwith Gaussiamprocessepermitsthedescriptiorof avarietyof phenomenancludingfractalnoises
asaspecialcase Importantperceptuatharacteristicef the noise,suchasscale periodof oscillation,anddirectional
tendenciesiredirectly re ectedin thenoiseautocorrelatiorffunction. Othercharacteristicsuchasdominantscaleof

detailandthe small-scaleor high-frequeng behaior of the noiseareeasieito specifyin thefrequeng domain,using
theintuitive interpretatiorof the spectrumastheamountof detailat eachscale.

Comparison of StochasticSynthesisMethods

The criteriafor evaluatingthe suitability of a stochastisynthesiamethodfor computergraphicsapplicationsnclude
ef ciency, quality of thesynthesizedoise andthedegreeof controloverperceptuallyobserablecharacteristicsf the
noise.Dueto theverylargesizeof thesynthesizediatabasessedin acomplex imageor ananimation the ef ciency
criterion oftenbecomes concernfor practicality Local methodsthat permitindependensynthesiof portionsof a
large databasarepreferredover globalmethodsn whichthe wholedatabasés generatedh onestep.

A brief comparisonof somestochasticsynthesianethodswill be given below in orderto further characterizehe
methodpresentedhere.With this purposen mindit will beassumedhatthereadeiis acquaintedvith severalof these
methodsandthe comparisorwill berestrictedto the previously mentionectriteria.

Fourier (FFT) synthesig43]. This methodis global. It hasthe advantage®f simplicity andef ciency (for a global
method);it alsoprovidesexactspectrakcontrol.

Stodasticsubdivisior{10]. Thismethodis local. It producesinapproximatd 9 noise,andanexactBrownian noise
for d = 2. "Creaseartifactsareusuallyvisible for d > 2. Stochastisubdvisionis uniquein its capabilityof re ning




anexisting databaseA variationof stochasticsubdvision[13] allows the noisevariancedo take on arbitraryvalues
acrosssubdvision levels, thusapproximatinga wider rangeof spectra(oscillatorynoisesare not possiblehowever).
Anothervariation[25] usesa higherquality interpolantfor the point estimation alleviating the problemwith creases.

Fractional Browniansimulation[8]. This methodappliesa standardnultivariatesimulationtechniquein which un-
correlatedrandomvariablesare linearly transformedby a factoredform (Choleskidecomposition)of the desired
correlationmatrix. The methodis global andlessef cient thanFFT synthesigit is O(N ?)), thoughanincremental
re nementmethodthatis localin alimited-precisionmplementations described.

Poissonfaulting procesq20]. The Poissorfaulting procesds a sumof randomlyplacedstepfunctionswith random
heights. It producesa Browniannoise(f 2 spectrum).A relatedtechniques sparsecornvolution[16, 17], in which

an arbitraryfunction is convolved with a Poissonpoint procesgin one dimensionthe Poissonfaulting processs a

speciakaseof sparseornvolution). Theresultingspectrumis thetransformof the (deterministicautocorrelatiomf the

function. Thesemethodscanbeimplementedocally [16] usinganinternally consistenapproximatémplementation
of the Poissonprocess.They areequialentin ef ciency to convolution. The superpositiorof the function may be

visible in the synthesizedhoiseif the Poissormprocesss too sparse.

Interpolatednoiselattice [30, 31]. In this methodanuncorrelatedhoisede ned on alatticeis interpolatedo generate
anapproximatehbandlimitednoise.Thisis employedasaspectrabasis with adesiredspectrunbeingapproximated
asaweightedsumof thesenoisesat differentscales.The noiselatticeis internally consistentso the methodallows

local synthesis With a standardnterpolationmethodtheinterpolatednoisedoesnot provide anideal spectralbasis,
sincethe low frequeng power in the noiselattice is not removed andcannotbe removedin summation(subtracting
power spectras not meaningful).In severaldimensionstandardtensoiproduct)interpolationschemesilsoresultin

preferreddirectionsalongthelatticeaxes.A variationof theinterpolatechoiselattice method[17] substitutesViener
interpolationwhich providesgreaterspectrakontrol (with somerestrictions)andeliminatesthe spectrasummation.

Genealizedstotasticsubdivision Thetechniquepresentedhereis bestdescribedassemi-local.lt canapproximate
an arbitrary spectrumto a desireddegreeof accurag, andthe accurag of spectralmodelingcanbe tradedfor ef -
cieng.. The requiredneighborhoodsize dependson featuresof the desiredspectrum(e.g.,the numberof maxima)
andon the desiredaccurag of the spectralmodeling. In commonwith the other subdvision techniquesit allows
incrementakynthesisandre nementof an existing databaseThe implementatioris someavhat morecomplec than
thatof mostof theothermethods.

List of Symbols
E  Expectation
R Autocorrelationfunction (autocoariancefunction)
S  Powerspectrum
Xt Noisevalue
u;  Uncorrelatedlisplacemennoise
ax  Estimationlter coefcients
N  Neighborhoodsize

Acknowledgements

Most of the backgroundmaterialfor this paperis foundin [45]. Considerationselatingto the reuseof the estimated
pointsasobsenationsandthefactthatthedisplacementoisevarianceshouldbeidenticalto theestimatiorerrorwere
foundin reference®nthelinearpredictionof speect22, 34].

REFERENCES




[1] Box, G.andJenkinsG. Time SeriesAnalysis.HoldenDay, SanFranciscoCalif., 1976.
[2] Bracavell, R. TheFourier TransformandIts Applications.McGraw-Hill, New York, 1965.
[3] Burrough,P. Fractaldimensionf landscapeandotherenvironmentaldata.Nature. 294 (Nov. 1981),240-243.

[4] CarpenterL. Computerrenderingof fractal curves and surfaces.In Siggraph ProceedingsupplementACM, New York,
1980,p. 108.

[5] ChellappaR. andKashyapR. Texture synthesisusing2-D noncausahutorgressie models.|IEEE Acoustics Speeh, and
SignalProcessingl, 33 (Feh 1985),194-203.

[6] DeutschR. EstimationTheory Prentice-HallEnglevood Cliffs, N.J.,1965.
[7] ElassalA., andCarusoyV. Digital ElevationModels.NationalCartographidnformationCenter RestonVa.,1984.

[8] Fellous,A., Granara,).,andHourcade,). FractionaBrownianrelief: anexactlocalmethod.n ProceedingsEurographics85
(Gen&a, Switzerland Sept.)North Holland, New York, 1985,353-363.

[9] Fournier A. andMilligan, T. Framebuffer algorithmsfor stochastienodels.In ProceedingsGraphicsinterface85 (Montreal,
CanadaMay) 1985,9-16.

[10] Fourniet A., Fussell,D., andCarpenterL. Computerrenderingof stochastianodels.Communication®A\CM. 6, 25 (June
1982),371-384.

[11] Gagalavicz, A. andSongD. M. Sequentiabynthesi®f naturaltextures.ComputeMision, Graphics,andimage Processing
30, 9 (Sept.1985),289-315.

[12] Gagalavicz, A. andSongD. M. Model drivensynthesiof naturaltexturesfor 3-D scenesln ProceedingsEurographics85
(Gen&a, Switzerland Sept.)North Holland,New York, 1985,91-108.

[13] HaruyamasS.andBarsky, B. Usingstochastianodelsfor texture generationlEEE ComputerGraphicsand Applications 4,
3, (March1984),7-21.

[14] JuleszB. Visualpatterndiscrimination|RE Trans.Inform. Theory 2, 8 (Feh 1962),84-92.

[15] Levinson,N. The WienerRMS (root meansquare)error criterionin lter designandprediction.J. Math. Phys.25 (1947),
261-278.

[16] Lewis,J.P Methodsfor stochastispectrabynthesisln ProceedingsGraphicsinterface86 (Vancouer, CanadaMay) 1986,
pp.173-179.

[17] Lewis, J.P Algorithmsfor solid noisesynthesisUnpublishedpaper Nov. 1986.
[18] Makhoul,J. Spectrahnalysisof speectby linearprediction|EEE Trans.Audio Electroacoust. AU-21 (Junel973),140-148.
[19] MandelbrotB. ComptedRendusicad.Paris. 260(1965),3274-3277.

[20] Mandelbrot,B. Stochastianodelsfor the Earth's relief, the shapeanddimensionof the coastlinesandthenumberarearule
for islands.Proc. Nat. Acad.Sci.USA.72, 10 (Oct. 1975),3825-3828.

[21] Mark, D. andAronson,P. Scale-dependeffitactal dimensionf topagraphic surfacesDept. of GeographyStateUniv. N.
Y. Buffalo.

[22] Markel, J.andGray; A. Linear Predictionof Speeh. SpringerVerlag,New York, 1976.
[23] Matheron,G. Theintrinsic randomfunctionsandtheir applicationsAdvancesn AppliedProbability. 5 (1973),439-468.

[24] McLeod, A. andHipel, K. Preseration of the rescaledadjustedrange(2: Simulationstudiesusing Box-Jenkinsmodels).
Water Resouce Res..14(1978),491-508.

[25] Miller, G. S.P. Thede nition andrenderingof terrainmaps.In Siggraph 86 Proceedings(Dallas, Tex., Aug.). ACM, New
York, 1986,39-48.

[26] Nelkin, M. andTremblay A-M. Deviation of 1/f voltage uctuationsfrom scale-similaiGaussiarbehaior. J. Stat.Physics.
25, 2 (Feb 1981),253-268.




[27] Panche, S. Randontunctionsand Turbulence Pegamon Oxford, 1971.
[28] Papoulis,A. SignalAnalysisMcGraw Hill, New York, 1977.

[29] Pele, S., Naor, J., Hartley, R., and Avnir, D. Multiple-resolutiontexture analysisand classi cation. TR-1306,Computer
ScienceDept.,Univ. of Maryland,College Park, July 1983.

[30] Perlin,K. A uni ed texture/re ectanceanodel.ln Siggraph84 Advancedmage Synthesigoursenotes.(MinneapolisMinn.,
July).ACM, New York, 1984.

[31] Perlin,K. Animagesynthesizenn Siggraph 85 Proceedings(SanFranciscoCalif., July) ACM, New York, 1985,287-296.

[32] Pratt,W., FaugerasQ., Gagalavicz, A. Visualdiscriminationof stochastidexture elds. IEEE Trans.SystemsMan, and
Cybernetics8, 11 (Nov. 1978),796-804.

[33] Pratt,W., FaugerasQ., Gagalavicz, A. Applicationsof stochastidexture eld modelsto imageprocessingProc. IEEE. 69,
5 (May 1981),542-551.

[34] RabinerL. andSchaferR. Digital Processingf Speeh Signals.PrenticeHall, Englevood Cliffs, N.J.,1979.

[35] Reeves,W. Particle Systems—ATechniqugor Modelinga Classof FuzzyObjects ACM Trans.Graphics.2, 2 (April 1983),
91-108.

[36] Reeves,W. andBlau,R. Approximateandprobabilisticalgorithmsfor shadingandrenderingstructuredarticlesystemsin
Siggraph 85 Proceedings(SanFranciscoCalif., July) ACM, New York, 1985,313-322.

[37] RichardsonL. Generl System¥earbook.6 (1961),139-187.

[38] SchaferR.andRabinerL. A digital signalprocessin@pproactto interpolation.Proc.|IEEE.61, 6 (Junel973),692-702.
[39] Scheidgger A. Theoetical Geomorpholgy. SpringerVerlag,1970.

[40] Smith,A. R. PlantsFractalsandFormalLanguagesComputerGraphics.18, 3 (July 1984),1-10.

[41] Vanmarck, E. Randontields.MIT PressCambridge1983.

[42] Voss,R. Fractal Lunar Mist. Siggraphproceedinggoverimage,(Detroit, Mich., July) ACM, New York, 1983.

[43] Voss,R. Randomfractalforgeries.Siggraph confeencetutorial notes(July). ACM, New York, 1985.

[44] Wiener N. Extrapolation,Interpolation,and Smoothingf StationaryTime SeriesWiley, New York, 1949.

[45] Yaglom,A. Anlntroductionto the Theoryof StationaryRandomnmFunctions.Dover, New York, 1973.




RecevedJanuaryl986,acceptedanuaryl 987




Additional Figures
These gures werenotincludedin the publishedversionof the paper

Figure8: Quasi-periodidexture.

Figure9: Synthetictexture,illuminated




Figure10: Anothersynthetictexture,illuminated

Figure11: Classicfractal (power-modi ed) landscape

Figure12: Non-fractallandscape




