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Abstract

A solidnoiseis afunctionthatde�nesarandom valueateachpoint
in space.Solidnoiseshave immediateandpowerful applications in
surfacetexturing,stochasticmodeling,andtheanimationof natural
phenomena.

Existing solid noisesynthesisalgorithmsaresurveyed andtwo
new algorithmsarepresented.The �rst usesWienerinterpolation
to interpolaterandomvalueson a discretelattice. The secondis
anef�cient sparseconvolution algorithm. Both algorithmsarede-
velopedfor model-directed synthesis, in which samplingandcon-
structionof thenoiseoccuronly at pointswherethenoisevalueis
required,ratherthanover a regularly sampledregion of space.The
paperattemptsto presenttherationalefor theselectionof thesepar-
ticular algorithms.

The new algorithmshave advantagesof ef�ciency, improved
control over the noise power spectrum,and the absenceof arti-
facts. The convolution algorithm additionally allows quality to
be tradedfor ef�ciency without introducingobvious deterministic
effects. The algorithmsare particularly suitablefor applications
wherehigh-quality solid noisesarerequired.Severalsampleappli-
cationsin stochasticmodelingandsolid texturing areshown.
CR Categories and Subject Descriptors: I.3.3 [Computer
Graphics]: Picture/ImageGeneration;I.3.7 [Computer Graph-
ics]: Three-Dimensional Graphicsand Realism– color, shading,
shadowing, andtexture.
General Terms: Algorithms,Graphics.
Additi onal KeyWords andPhrases:Solidnoise,texture,stochas-
tic modeling,simulationof naturalphenomena,texture synthesis,
fractals.

1 INTRODUCTION

A solid noiseis a random-valuedfunction f : R3 ! R. “Noise”
is usedto denote a randomfunction with someknown statistical
properties. Solid noisesare a subsetof the conceptof solid tex-
turesintroducedin computergraphicsby Perlin[17,18]andPeachy
[16]).

Solid noiseshave beenusedfor texturing three-dimensional ob-
jectsby assigningthe color at a visible point on the surfaceasa
functionof thenoisevalueat thatpoint in space.In this role,solid

textureshave several advantagesover conventional texture map-
ping:

- Surfaces with Gaussiancurvature can be textured homoge-
neously, withoutdistortionssuchaspolesthatoccurin texture
mapping.

- Thespatialnatureof thenoisecorrelationmakespossiblecertain
effectswhich would bedif�cult with texturemapping, for ex-
ample,the“carvedout of” effect [18] whichusesthefactthat
noisefeatures(e.g. veins in simulatedrock) cancrossover-
hangsin theobject(Fig. 7).

Solid noisesalso have many potentialapplicationsin describ-
ing complex/irregular forms or movement;a few possibilitiesare
shown in Section5 of this paper.

2 SOLID NOISE ALGORITHMS

In all applications,it is desirablethat a solid noisealgorithm be
controllableand free of artifacts. Consistentwith recentwork
[18,9,11],the noisepower spectrumis consideredasa reasonably
powerful and intuitive framework for developing control over the
noise.

Whenthenoiseis usedfor surfacetexturing,ef�ciency is amajor
consideration,sincethe three-dimensional variantsof even simple
computationssuchaslinearinterpolationarefairly expensivewhen
the computation is requiredat eachpixel. It is desirablethat the
noisesynthesisalgorithmallow quality to be tradedfor ef�ciency
whereappropriate,e.g. for previewing or for background objects
which do not needa high-quality noise.For mostapplicationsit is
probablypreferableto tradesomecontrol for ef�ciency ratherthan
adoptinganef�cient methodthathasintrinsicartifacts.

For animationapplicationsthe solid noiseshouldalsobe ban-
dlimited. Although the aliasingof an improperly samplednoise
functionwill oftennot beobjectionable in a still picture(dueto the
sameprinciple evident in stochasticsampling[5] - objectionable
Moire patternsresultfrom the structuredsamplingof a structured
signal),the samealiasednoiseusedin an animationwill typically
producecharacteristic“shimmering”or “bubbling” aliasingeffects.

While a large variety of particular three-dimensional random-
valuedfunctionsareconceivable, mostcanbe decomposedinto a
basicnoisesourceandsomefunctionalor proceduraltransforma-
tion of thisnoise.As arguedby Perlin[18], thenoisesourceshould
bea controllable“primiti ve” thatallows the userto de�ne various
adhocsolid noisefunctionsin termsof this noiseprimitive.

This paperpresentstwo algorithmsfor the synthesisof high-
quality solid noiseswith control of the noisepower spectrumand
(optionally) distribution functions. Considerationsthat leadto the
selectionof theseparticularalgorithmsarealsodescribed.

2.1 MODEL-DIRECTED SYNTHESIS

Althoughthelinear�ltering algorithmsfor obtainingnoiseshaving
desiredpower spectraarewell understood [13], thesealgorithms
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#define RANTABLEN/* somethin g prime */
float Rantab[RANT ABLEN];
int Indx[IL EN],Indy[ILE N],Indz[ILEN ];

float hash3(float x,y,z)
{

int i = HASH( Indx[LO WBITS(x)], Indy[LO WBITS(y)], Indz[LO WBITS(z)] );
return( Rantab[ i % RANTABLEN] );

}

Fig. 1: Pseudocodefor thelatticewhite noisefunction.

arenot ideallysuitedto therequirementsof computergraphicmod-
eling and rendering. In particular, in place of the regular and
orderedsamplingthat is fundamental to digital signal processing
we requirea model-directedsynthesis, in which thenoisefunction
is constructedonly at particularpoints determinedby the object
model,andin anorderthatmaydependon themodelor theview-
point. In a texturing application,thesepointsarethepointson the
object's surfacethat project without occlusionto pixels in a per-
spective projectionof theobject.Similarly, in a modelingapplica-
tion the noisemay be constructedat a limited andirregular setof
points,e.g.,theverticesof a polygonal model.

Digital �lters assumeregular samplingandspatialor temporal
ordering (causality)of the input signal and consequently cannot
meaningfully operateat isolatedpointsin space.Thedirectappli-
cationof adigital �ltering approachfor solidnoisesynthesiswould
thusresultin a solid region of �ltered noiseenclosing thepointsof
interest. This is very costly in termsof storage,sincethe storage
sizeof a solid noisevarieswith thecubeof theresolution.Thedi-
rectFFT or digital �lter synthesisof a medium-or high-resolution
solidnoiseis usuallyimpracticalin thisrespect.Also it wouldseem
inef�cient to constructthenoiseover a solid region whenit is only
neededat isolatedpoints,thoughthismaydepend onthenumber of
pointsrequiredandon therespective algorithms.A third drawback
of digital �ltering approachesis that sincethe noiseis sampledit
needsto be interpolatedfrom the samplinglattice to the locations
of interest.

Model-directedsynthesiscanbeachievedby constructingthein-
put noisesignalasneededat synthesistime, andby employing an
acausalandmetaphoricallycontinuousratherthansampled�ltering
approach. Sincethe spatialorderingof the synthesisis unknown,
particularregionsmay be visited multiple times. The input noise
constructionmust be internally consistent(in the terminologyof
[8]): independentconstructionsof a particularpoint mustproduce
the samevalue. While model-directedsynthesisapproaches are
suitedfor many computergraphicsproblems,it is evidentthatthey
cannoteasilyusethe coherence provided by regular samplingand
consequentlywill bemorecostlythanstandard�ltering approaches
for constructingregularly samplednoises.

2.2 LATTICE WHITE NOISE

A consistentuncorrelated(“white”) noisecanbe generatedusing
a hash-like pseudo-randomfunctionof themantissabits of the lo-
cationcoordinatesx; y; z. Onesuchfunctionwasdescribedin [4].
A variationof this functionusesthe low-orderbits of eachcoordi-
nate(scaledsuitably)to index a corresponding randomlypermuted
`indirectiontable'of indicesinto asecondtableof uncorrelatedran-
domvalueswith thedesiredprobabilitydensity. Thethreeresulting
indexesarehashedto form an index into theprime-lengthrandom
valuetable(Fig. 1).

The HASH3function generatesan uncorrelatedperiodicnoise,
with theperioddeterminedby thenumber of coordinatebits which
areretained.The function takeson new valuesonly on the lattice
de�ned by the low bits of the coordinatemantissas,thus “lattice

noise”.For mostpurposesit will benecessary to interpolateor �lter
thenoisevalueson thelatticeto obtaina continuousandcorrelated
solid noise.

2.3 PERLIN ALGORITHM

Perlin [17,18] outlined a model-directedsolid noise algorithm
basedon interpolatinga locationhashingfunctionsuchasHASH3.
The resultingnoiseis employed asa spectralbasisfunction, with
a desirednoise�̂ beingapproximatedby a weightedsumof basis
noises� k at differentscales:

�̂ ( � ) =
X

ak � k (k � ) (1)

Thecharacteristicsof theresultingnoisearedeterminedby these-
lectedinterpolationapproach. The cubic polynomial interpolation
suggestedin [18] hascertaindisadvantages.Interpolationin several
dimensionsusingtheseparable tensorproduct of aone-dimensional
interpolationschemeresultsin preferreddirectionsalongthecoor-
dinatesystemaxes; this artifact canonly be avoidedby usingan
intrinsicallymulti-dimensionalinterpolationapproach.Cubicpoly-
nomial interpolationin threedimensionsis also quite expensive.
Thedirect tensorproductschemefor cubicsplineinterpolationre-
quiresasupportof 43 = 64pointsaswell as16(x)+ 4(y)+ 1(z) =
21 splineevaluations [2]. The interpolationmustbe repeatedfor
eachbasisfunctionin thespectralsummation(1).

Onepopularimplementationof Perlin's approachemploys Her-
mite interpolation,usingthe latticenoiseto de�ne gradientsat the
(eight)nearest-neighbor pointson thelattice[10]. Thesevaluesare
separablyinterpolatedusinga cosine-like function. While this ap-
proachis considerably moreef�cient thana cubicsplineinterpola-
tion, it hasstrongerdirectionalartifacts(Fig. 2). Anotherdrawback
is that the noisevalue and second-derivative are both zero at the
latticepoints.Thedirectionaltrendsandregularly spacedzerosare
visible (e.g.seeFig. 3), thoughit maybepossibleto disguisethem
throughapplicationof thesummation(1).

In orderto be approximatelyorthogonal, candidatespectralba-
sis functions should be zero beyond a particular range of fre-
quencies(“bandpass”). Approacheswhich usestandard(meaning
non-oscillatory, energy minimizing,spline-like)interpolationmeth-
odsto interpolateanuncorrelatednoiselatticeproducea low-pass
ratherthana band-passrandomfunction, however, sincethey do
not remove or attenuatethe low frequency portion of the original
noisepower spectrum(which hasequalexpectedpower at all fre-
quencies)(Fig. 4.) This canbeseenin partby consideringthezero
frequency: interpolationwill not remove themean.Froma signal-
processingviewpoint, standardinterpolationmethodshave the ef-
fect of attenuatinghigh frequencies[19] (alsoseeproblem26 in
[3]).

One misinterpretationof the summation(1) is that, by anal-
ogy with Fouriersummation,a bandpassnoisemight beproduced
using a lowpassnoiseprimitive by subtractinga more bandlim-
ited noisefrom a given noise, in the hopeof removing the low-
frequency portion of the spectrum. Power spectraof mutually
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Fig. 4: Computedamplitudespectrum(zerofrequency at left) of a
long one-dimensionalsectionof thenoiseshown in Fig. 2. The

spectrumis not bandpass.

uncorrelatednoisescannot be meaningfully subtractedhowever:
S(� 1 � � 2) = S(� 1) � 2C(� 1 ; � 2) + S(� 2 )whereC(� 1 ; � 2) = 0 is
thecovariancebetweenthenoises.Eq. (1) is a spectralsummation
but not a Fouriersummation.

The high-frequency (amplitude)spectrumof the Perlin basis
noiseusingcubic interpolationfalls off as� � 4 sincetheamplitude
spectralenvelopeof a Cn function is � � n � 2 [3]. This alsois not
ideally bandlimited. We concludethat polynomially interpolated
noisedoesnot provide anidealspectralbasis.

The various disadvantagesof polynomial interpolation for a
spectralsynthesisapproach areavoidedin theWienerinterpolation
algorithmpresentedin section3 below.

2.4 GARDNER AND PEACHY ALGORITHMS

Gardner[9] developed a naturalistictexturing functionbasedon a
modi�ed Fourier series. This approachis unusualin its useof a
conceptually deterministicfunction to simulateirregular texture.1

Thefunctionappearsasa productof two one-dimensionalseriesin
x andy (asdescribedit is two-dimensionalbut anequivalent three-
dimensional function can be formulated). A separable function
f (u; v) = f u (u)f v (v) hasstrongdirectionalartifactsthat make
it unsuitable for simulatinga naturalistictexture even if the com-
ponent functions f u ; f v are characteristicsectionsof the desired
texture. Gardnerovercamethis `checkerboardeffect' by coupling
the phasesof eachterm in the u-seriesto v, andconversely. The
resultingtexture is not separable andis suf�ciently complex that it
mimicsa randomtexturewhenappliedcarefully.

Thespectrumof theGardnerfunctionhasnot beenanalyzed but
is not (asmight besupposed) directly de�ned by theFourierseries
coef�cients. This canbe seenby consideringthe kth term of the
u-seriesevaluatedalonga diagonalpro�le with u andv varying:

f k (u) = ak sin(! k u + I sin(! k � 1v))

This is a form of frequency modulation.From[1]

sin(� + I sin � ) =

J0(I ) sin � +
1X

k =1

Jk (I )
�

sin(� + k� ) + (� 1)k sin(� � k� )
	

so althoughthe Gardnertexturing function hasa line spectrum,it
is morecomplex thansuggestedby its Fourier seriesresemblance
(alsoit is evidentthatit is not strictly bandlimited).

Peachy[16] proposedsolid function generationby the compo-
sition (e.g. sum or product) of several lower-dimensionalfunc-
tions. If thefunctionsarerandomtheresultis a solid noise.As in
the Gardneralgorithm, the composition function canbe designed
to eliminateseparabilitybut the absenceof an intrinsically three-
dimensional correlationstructuremaybevisually evident.

1While thecomputer implementationof any randomprocessis necessar-
ily deterministic, thereis a practical aswell asa conceptual difference, in
thattheperiodof ann-termFourierseries is 2n sampleswhereastheperiod
of asimulatedrandom processis usually considerably larger, asdetermined
by theperiodof thepseudo-randomnumberfunction.

3 WIENER INTERPOLATION ALGO-
RITHM

Wienerinterpolationdiffersfrom otherinterpolationapproachesin
thatit is basedon theexpectedcorrelationof theinterpolatedfunc-
tion. Sincetheautocorrelationor autocovariancefunctionis equiv-
alent information to the power spectrum,Wiener interpolationis
particularly suitedfor noisesynthesiswherecontrol of the noise
correlationandspectrumis required.Controlof thenoisespectrum
is intrinsic to Wienerinterpolation,soproblemswith band-limiting
andtheexpensive spectralsummation(1) areavoided.

Wiener interpolationhas many other potential applicationsin
computergraphics(e.g., as the basisfor an improved stochastic
subdivision method[11], or possiblyasanapproachto resampling
stochasticallysampledimagesfor display). Someadditionalchar-
acteristicsandadvantagesof Wienerinterpolationare:

- Thedatacanbearbitrarilyspaced.

- Thealgorithmapplieswithoutmodi�cation to multi-dimensional
data.

- Wienerinterpolationof discretedatais simple,requiringonly the
solutionof a linearequation.

- In an estimationapplicationthe algorithmprovides an error or
con�dencelevelassociatedwith eachpointontheinterpolated
surface.

- The algorithm is optimal by a particular criterion (seebelow)
which mayor maynot berelevant.

- The interpolationcanbe madelocal or global to the extent de-
sired. This is achieved by adjustingthe covariancefunction
sothatpointsbeyondadesireddistancehaveanegligible cor-
relation.

- The interpolationcanbe assmoothasdesired,for example,an
analyticcovariancefunctionwill resultin ananalyticinterpo-
latedcurve or surface.

- The interpolationneednot be“smooth”, for example,thecorre-
lation canbe negative at certaindistances,oscillatory, or (in
severaldimensions)have directionalpreferences.

(Thelastthreepropertiesresultfrom thedirectspectralcontrolpro-
videdby Wienerinterpolation.)

Thereare a numberof formulationsand variationsof Wiener
interpolation[20,7]. A simpleprobabilistic formulationsuitablefor
solidnoiseinterpolationwill beusedhere.Thedescriptionrequires
two conceptsfrom probability:

- The correlationof two randomvariablesis the expectationof
their product, E[xy ]. The autocorrelationor autocovariance
functionof arandom process(noise)is thecorrelationof pairs
of pointsfrom theprocess:

C(t1 ; t2) = E [� (t1)� (t2)]

For homogeneousnoise,thisexpectationis a functiononly of
thedistancebetweenthe two points: C(t; t + � ) = C(� ) =
E[� (t)� (t + � )]. Thevarianceis thevalueof theautocovari-
ancefunctionat zero. (Auto)covariance refersto thecorrela-
tion of aprocesswhosemeanis removedand(usually)whose
varianceis normalizedto beone.

3
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- Expectationbehaves asa linear operator, so any factoror term
which is knowncanbemoved“outside” theexpectation.For
example,assuminga andbareknown,

E f a� + bg = aE[� ] + b

Also, theorderof differentiationandexpectationcanbeinter-
changed, etc.

Wienerinterpolationestimatesthevalue�̂ of theprocess� at a
particularlocationasa weightedsumof the values� j observed at
somenumberof otherlocations:

�̂ =
X

aj � j (2)

The weightsaj arechosen to minimize the expectedsquareddif-
ferenceor error betweenthe estimateand the valueof the “real”
processat thesamelocation:

E
�

(� � �̂ )2
	

(3)

The referenceto the “real” processin (3) seemstroublesome be-
causetherealprocessmaybeunknowableattheparticularlocation,
but sinceit is theexpectederrorwhich is minimized,this reference
disappearsin thesolution.

Wiener interpolation is optimal among linear interpolation
schemesin that it minimizestheexpectedsquarederror(3). When
the datahave jointly Gaussianprobability distributions (and thus
are indistinguishable from a realizationof a Gaussianstochastic
process),Wienerinterpolationis alsooptimalamongnonlinear in-
terpolationschemes.

3.1 DERIVATION

By theorthogonalityprinciple [21,14],thesquarederrorof a linear
estimatoris minimum whenthe error is orthogonal in expectation
to all of theknown data,with “orthogonal” meaningthattheexpec-
tationof theproductof thedataandtheerroris zero:

E f (� � �̂ )� k g = 0 for all k

Substituting�̂ from (2),

E
n

(� �
X

aj � j )� k

o
= 0 (4)

E
n

� � k �
X

aj � j � k

o
= 0

The expectationof � � k is the correlationC(t � tk ), andlikewise
for � j � k , so:

C(t � t k ) =
X

aj C(t j � t k )

or
Ca = c (5)

This equationcan be solved for the coef�cients aj . The coef�-
cientsdependon the positionsof the data� j throughthe covari-
ancefunction, but not on the actual datavalues; the valuesap-
pear in the interpolation(2) though. Also, (5) doesnot directly
involve the dimensionalityof the data. The only differencefor
multi-dimensionaldatais thatthecovarianceis afunctionof several
arguments:E[pq] = C(xp � xq ; yp � yq ; zp � zq ; : : :).

3.2 COST

From(5) and(2), the coef�cients aj area = C � 1c, andthe esti-
mateis �̂ = � t C � 1c. The vectorc changesfrom point to point,
but � t C � 1 is constantfor givendata,so the interpolationcostis a
dot product

�̂ = < � t C � 1 ; c > (6)

of two vectorswhosesizeis thenumber of datapoints.

3.3 EVALUATION

The spectralde�nition possiblein Wienerinterpolationis propor-
tional to thenumberof datapointsconsideredin the interpolation.
For simplespectrarequiringa small neighborhoodof points(e.g.
33 or 43 points), the computation(6) appears to be considerably
moreef�cient thanpolynomial splineinterpolation.A fair degree
of spectralcontrolcanbeachievedif largerneighborhoodsareused,
for example,oscillatory(bandpass)noisesarepossible.Theexpen-
sive spectralsummation(1) is alsoavoided

Thedisadvantageof thisalgorithmis intrinsic to theapproachof
interpolating an uncorrelatednoiselattice: the three-dimensional
covariancefunction,centeredatanoiselatticepoint,shouldstrictly
bezerowhensampledat any otherlatticepoint, sincethesepoints
arenot correlated. For an isotropiccovariance, this requiresthat
C1(� ) = 0 at distances� = �

p
i 2 + j 2 + k2 for all latticeoffsets

i + j + k > = 1 (� is the lattice spacing).The covariance struc-
tureis thusarti�cially constrained.If thespeci�edcovariancedoes
not satisfythis constraint,the interpolationerror (con�dencemea-
sure)will benon-zeroandtherealizedcovariancewill besomewhat
differentthanthatspeci�ed.

4 SPARSE CONVOLUTION ALGORITHM

A secondalgorithmavoids the covariancefunction constraintsof
thenoiselattice interpolationapproach but retainsthe directspec-
tral controlof theWienerinterpolationapproach. In addition,it has
theadvantageof conceptualsimplicity.

In this algorithm a three-dimensional noise is synthesizedby
theconvolution of a three-dimensionalkernelh( � ) with a Poisson
noiseprocess


� ( � ) =

Z

R 3


 ( � )h( � � � )d� (7)

ThePoissonprocessconsistsof impulsesof uncorrelatedintensity
distributedat uncorrelatedlocationsin space:


 ( � ) =
X

ak � ( � � �

k )

( �

k is the locationof the kth impulse). This is a `sparse'form of
whitenoise,hence“sparseconvolution”.

The power spectrumSy at the outputof a linear time-invariant
�lter (expressibleasa convolution) is relatedto theinput spectrum
Sx by [21]

Sy (! ) = Sx (! ) jH (j ! )j2

whereH is theFourier transformof the �lter impulseresponse or
kernelh. Since
 is uncorrelatedits transformis a constant,sothe
spectrumof anoisesynthesizedby sparseconvolution is simply the
(deterministic)spectrumof thekernel,scaledby a constant.

4.1 EFFICIENCY

Sparseconvolution hasseveraladvantages for digital computation.
Becauseof the impulsive natureof thenoise,theconvolution inte-
gral (7) reducesto a summationover theimpulses:

� ( � ) =
X

ak h( � � �

k ) (8)

Thus,thesynthesis is reducednaturallyto a computationally real-
izableform without requiringsampling(andsubsequent interpola-
tion) of thenoise.

Thequality of thenoisecanbevariedasrequiredfor theappli-
cationby varying the densityof the Poissonnoise. This is an im-
portantproperty, sincee.g. background objectsor interactive pre-
viewing applicationsmay not requirefull quality noise.A density
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of lessthan one impulseper kernel volume produces a “lumpy”
noisewith littl e spectralde�nition. Typical applications requirea
densityof severalimpulsesperkernel volume,andnoisesproduced
with a densityof 10 or morepointsperkernelareusuallynot dis-
tinguishablefrom thoseproducedby convolving with a uniformly
sampled(non-sparse)white noise,thoughthesparseconvolution is
considerably moreef�cient.

Foranisotropicnoisethekernelh isalsoisotropicand(assuming
it is non-zero over a �nite radius)canbe approximately evaluated
by a one-dimensionaltablelookup. In this casethesummation(8)
canberestrictedto only thoseimpulses
 k within thekernelradius
of the location � . The problemthenis to identify thesepointsef-
�ciently , in particular, without requiringexaminationof all points
andanexpensive distancecomputationrequiringasquare-root.

This can be accomplished with an appropriate constructionof
the Poissonprocess
 . A simpleconstructionis to de�ne a large
but �nite samplinglattice over the noisedomainandapproximate
thePoissonprocessby choosing N Poisson-distributedimpulsesin
eachvoxel. Thevoxelscanthenbenumbered, andthevoxel num-
ber servesasa randomnumbergeneratorseedfor generatingthe
impulseswithin that voxel. The lattice spacingandkernel radius
areconveniently setto one(with spacescaledaccordingly). Then
the impulseslying within a unit radiusof a particular location �

arethosein thevoxel containing� andin theadjacentvoxels. The
summation(8) is modi�ed accordingly. Squarerootsareentirely
removed by using the squareddistancej � � �

k j2 to index a pre-
warpedkerneltableĥ(� ) = h(

p
� ).

Theauthor's implementationof sparseconvolutionusesstandard
tricks suchas�x ed-pointcomputation.In addition, the noiseim-
pulses�

k arestoredin a cachearrayasthey arecomputed, andare
reusedif thenext locationfalls within thesamevoxel. With these
optimizations,thealgorithmusingoneimpulsepervoxel is slightly
slower than the previously describedHermite implementationof
Perlin's algorithm,but doesnot have visible artifactsandprovides
somecontrolover thespectrum.

The upper-left panelin Fig. 5 shows a planarsectionof a sam-
ple texturegeneratedwith thesparseconvolution algorithmusinga
smoothcosinekernel1=2+ 1=2 cos(� � ); j� j < 1.Thetexturedoes
not revealthesynthesiscoordinatesystemor displayotherartifacts.

5 APPLICATIONS

A solid noisealgorithmis mostusefulasa primitive in a language
that allows oneto easilyde�ne functionalor procedural transfor-
mationsof thenoise. An importantcharacteristicof this language
is thatit shouldallow functionsto bedynamically de�nedatmodel-
ing/rendering/animationtime– the“user” shouldhave thefreedom
to de�ne anadhocfunction in themodel,ratherthanrequiringthe
original programmer of the graphicssystemto anticipateand im-
plementlibrariesof special-purposefunctions.This requireseither
aninterpretedlanguageor user-compiledfunctionsthataredynam-
ically linkedwith thegraphicssystem.An interpretedlanguagewas
describedin [18], while theshade-treesapproach[6] appearsto use
compiled functions that are dynamically linked to an interpreted
expressionevaluator.

In the languageapproachadoptedby the author, a small and
portablepublic-domain Lisp language interpreterwas adaptedto
allow compiledC language functionsto bedynamicallylinkedand
called from Lisp. This approach avoids the de�nition and imple-
mentationof a new special-purpose language, and permits func-
tions to be implementedin eitherLisp or C or somecombination
of these.Typically a function is developedin Lisp, andif needed
the inner loops arereimplementedin C anddynamically “glued”
togetherwith Lisp.

Steppingback from the full power of procedural manipulation

Fig. 8: Porousobjectmodelde�ned by theiso-densitysurfaceof a
solid noise.

of the noise,we note that the specialcaseof a functional trans-
formationis usefulfrom ananalysis-resynthesisviewpoint, sincea
desiredprobabilitydensity(a commonly measuredrandomtexture
characteristic)canbeobtainedby functionaltransformation[12].

5.1 SOLID TEXTURE

Although spectralsynthesisadequatelysimulatesmost homoge-
neousrandomtextures,many textureshavesomestructuralfeatures
thatcannot besimulatedusingthisapproach. Suchtexturescanof-
ten be simulatedusinga procedural transformof a homogeneous
texture. An exampleis the marbletexture describedin [18]. An-
otherexampleof a procedural transformis the solid wood texture
shown in (Figs.6, 7). The structureof concentric ringsparallelto
the tree trunk is producedusing a periodicor (preferably)quasi-
periodicfunctionxtab of the radialdistancefrom thez axis. This
function describesthe color variationacrossa radial sectionof a
typical ring. Natural irregularity is introducedby perturbingthe
radialdistanceby a solid noise:

wood( � ) = xtab[
p

� :x2 + � :y2 + � ( � )]

(where � :x denotesthe x-component of � ). Variousre�nements
arepossible,for example, the radial distancecan be replacedby
a randommonotonic functionof this distance,therebycreatingra-
dial regionsof denselyor sparselyseparatedringsto simulateperi-
odsof slow or fastgrowth. Fig. 6 shows planarsectionsof several
solidwoodsimulations,wheretheperturbationnoise� andthering
crosssectionfunctionxtab arealteredto simulatedifferentwoods.
Fig. 7 shows a �gure modelwith a solid wood texture. This sur-
face/texturecombinationwouldbedif�cult to achieveusingtexture
mapping.

5.2 STOCHASTIC MODELING

An interestingstochasticmodelingapproach utilizing solid noise
is to de�ne objectsas the equal-density surfaceof a solid noise.
The overall shapeof the object canbe controlledby multiplying
thenoiseby ananalyticdensityfunctionthattapersto zerooutside
of thedesiredobjectshape.This approachcanproduceporousand
highly irregularshapessuchasthecoral-like form in Fig. 8.

5.3 STOCHASTIC DEFORMATION

This is a powerful stochasticmodeling technique which usesa
vector-valuedsolid noise(vector �eld) v : R3 ! R3 to perturb
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Fig. 12: Trajectoriesof a numberof particlesforcedby a vector
solid noise.

an existing object model. Three independent scalarsolid noises
form thecomponentsof thevector�eld. Stochasticdeformationis
particularly ef�cient for polygonal boundary-representedmodels,
sinceonly theverticesareperturbed.

Stochasticdeformationcanbeusedto simulatetheindividuality
of naturalobjectsby slightly deforminga prototypeobjectmodel
(Figs.9, 11). Thenoisecanbevariedto produceeitherrealisticor
caricaturalindividuality.

Large-amplitude or iterated deformation can produce self-
intersectingor twisted forms which do not resemblethe original
object(Fig. 10). A deformationcanbe animatedby offsettingthe
object locationby a continuously changing vectorbeforeperturb-
ing, effectively moving theobjectthroughthenoise.

5.4 CORRELATED FLOW

Solidnoisesmaybeemployedasacorrelatedrandomenvironmen-
tal factorfor many physicallymotivatedsimulations.For example,
asolidnoisecanbeusedasaforce�eld to produceturbulenttrajec-
toriesor �o w. Fig.12showsthetrajectoriesof anumberof particles
obeying a simpledynamicsequation•� = � ( � ). Theresultingcol-
lection of trajectoriesdisplaysbifurcationsand resemblesanimal
fur and other naturalstructures. Fig. 13 is a frame from a brief
animationin which the trajectoriesareanimatedby thepreviously
mentionedtechniqueof moving themodelthroughthenoise. The
trajectoriesarerenderedto producethe effect of an “organic �re-
ball”.

6 CONCLUSION

In additionto theirdemonstratedusein solid texturing,solidnoises
have direct applicationsin stochasticmodeling. In both modeling
andtexturingit is desirablethatthesolidnoisesynthesisbecontrol-
lable,ef�cient, andfree of artifacts. Spectralsynthesisprovidesa
framework for assessingthecontrolandquality of varioussynthe-
sisapproaches.Existingsolidnoisealgorithmsweresurveyedfrom
this viewpoint.

Two new algorithmsweredescribedandevaluated. Both algo-
rithmsprovide improvedspectralcontrolandef�ciency. Thesparse
convolution algorithm is attractive in that it allows a tradeoff be-
tweenquality andef�ciency asrequiredby the application,with-
out introducinggrossartifacts.Severalsolid texturing andstochas-
tic modeling examplesvisually illustrate the control and quality
achievablewith thisalgorithm.

Symbols

S(� ) power spectrum
C(� ) autocovariancefunction
h �lter kernel

 uncorrelatednoise
� correlatedsynthesizednoise

� ; � locationsin space
�; ! frequency, angular frequency
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Fig. 3: Three-dimensional �gure texturedwith a procedural solid
woodtexturewhich usesthesolid noiseshown in Fig. 2 asa

primitive. Noiseartifactsresultingfrom theregularly spacedzeros
of thisnoiseprimitive arevisible (comparewith Fig. 7).

Fig. 5: Planarsectionsof solid noisessynthesizedusingthesparse
convolution algorithm.

Fig. 6: Sectionsof solid woodtexturessynthesized by procedural
transformationof suitablehomogeneoustextures.

Fig. 7: Solid woodtextureappliedto a �gure model.
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Fig. 9: Individual headmodelsgeneratedby displacingtheverticesof a prototypepolygonalheadmodelwith a vectorsolid noise.
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Fig. 10: A shapecreatedby distortingapolygonalsphereby a vectorsolid noise.

Fig. 11: Shrubberycreatedby stochasticdeformation.
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Fig. 13: An objectrenderedfrom trajectoriesasin Fig. 12.

Fig. 14: Cloudstudiesusingsolid noisesin a renderingalgorithmsimilar to thatin [9].
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